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We construct a central Lie group extension for the Lie group of compactly
supported sections of a Lie group bundle over a sigma-compact base man-
ifold. This generalises a result of the paper “Central extensions of groups
of sections” by Neeb and Wockel, where the base manifold is assumed to be
compact. In the second part of the paper, we show that this extension is
universal and obtain a generalisation of a corresponding result in the paper
”Universal central extensions of gauge algebras and groups” by Janssens and
Wockel, where again (in the case of Lie group extensions) the base manifold
is assumed compact.
Jan Milan Eyni, Universita¨t Paderborn, Institut fu¨r Mathematik, Warburger Str. 100, 33098
Paderborn, Germany; janme@math.upb.de
Introduction and notation
Central extensions play an important role in the theory of infinite-dimensional Lie groups. For example,
every Banach-Lie algebra g is a central extension zpgq ãÑ g Ñ adpgq, where the centre zpgq and adpgq
are integrable to a Banach-Lie group; integrability of g corresponds to the existence of a corresponding
central Lie group extensions (see [26]).
Inspired by the seminal work by van Est and Korthagen, Neeb elaborated the general theory of central
extensions of Lie groups that are modelled over locally convex spaces in 2002 (see [20]). In particular,
Neeb showed that certain central extensions of Lie algebras can be integrated to central extensions of
Lie groups: If the central extension of a locally convex Lie algebra V ãÑ gˆ Ñ g (with a sequentially
complete locally convex space V ) is represented by a continuous Lie algebra cocycle ω : g2 Ñ V and G
is a Lie group with Lie algebra g, one considers the so-called period homomorphism
perω : π2pGq Ñ V, rσs ÞÑ
ż
σ
ωl
where ωl P Ω2pG, V q is the canonical left invariant 2-form on G with ωl1pv, wq “ ωpv, wq and σ is
a smooth representative of the homotopy class rσs. One writes Πω for the image of the period ho-
momorphism and calls it the period group of ω. The important result from [20] is that if Πω is a
discrete subgroup of V and the adjoined action of g on gˆ integrates to a smooth action of G on gˆ, then
V ãÑ gˆÑ g integrates to a central extension of Lie groups (see [20, Proposition 7.6 and Theorem 7.12]).
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In the following, a Lie group is always assumed to be modelled over a Hausdorff locally convex space.
Given two central Lie group extensions Z1 ãÑ Gˆ1
q1
ÝÑ G and Z2 ãÑ Gˆ2
q2
ÝÑ G, we call a Lie group
homomorphism ϕ : Gˆ1 Ñ Gˆ2 a morphism of Lie group extensions if q1 “ q2˝ϕ. In an analogous way one
defines a morphism of Lie algebra extensions. In this way one obtains categories of Lie group extensions
and Lie algebra extensions, respectively, and an object in these categories is called universal if it is the
initial one. In 2002 Neeb showed that under certain conditions a central extension of a Lie group is
universal in the category of Lie group extensions if its corresponding Lie algebra extension is universal
in the category of Lie algebra extensions (see [21, Recognition Theorem (Theorem 4.13)]).
The natural next step was to apply the general theory to different types of Lie groups that are
modelled over locally convex spaces. Important infinite-dimensional Lie groups are current groups.
These are groups of the form C8pM,Gq where M is a compact finite-dimensional manifold and G is a
Lie group. In 2003 Maier and Neeb constructed a universal central extensions for current groups (see
[17]) by reducing the problem to the case of loop groups C8pS1, Gq.
The compactness of M is a strong condition but it is not possible to equip C8pM,Gq with a
reasonable Lie group structure if M is non-compact. Although one has a natural Lie group struc-
ture on the group C8c pM,Gq of compactly supported smooth functions from a σ-compact mani-
fold M to a Lie group G. In this situation, C8c pM,Gq is the inductive limit of the Lie groups
C8K pM,Gq :“ tf P C
8pM,Gq : supppfq Ď Ku where K runs through a compact exhaustion of M . The
Lie algebra of C8c pM,Gq is given by C
8
c pM, gq. In this context, C
8
c pM, gq is equipped with the canoni-
cal direct limit topology in the category of locally convex spaces. In 2004, Neeb constructed a universal
central extension for C8c pM,Gq in important cases (see [22]).
It is possible to turn the group ΓpM,Gq of sections of a Lie group bundle G over a compact base
manifold M into a Lie group by using the construction of the Lie group structure of the gauge group
from [28] (see [19, Appendix A]). The Lie algebra of ΓpM,Gq is the Lie algebra ΓpM,Gq of sections of
the Lie algebra bundle G that corresponds to G. Hence the question arises if it is possible to construct
central extensions for these groups of sections. This is indeed the case and was done in 2009 by Neeb
and Wockel in [19].
As mentioned above, one way to show the universality of a Lie group extension is to show the
universality of the corresponding Lie algebra extension and then use the Recognition Theorem from
[21]. In the resent paper [14] from 2013, Janssens and Wockel constructed a universal central extension
of the Lie algebra ΓcpM,Gq of compactly supported sections in a Lie algebra bundle over a σ-compact
manifold. They also applied this result to the central extension constructed in [19]: By assuming the
base manifold M to be compact they obtained a universal Lie algebra extension that corresponds to
the Lie group extension described in [19]; they were able to show the universality of this Lie group
extension.
In 2013, Schu¨tt generalised the construction of the Lie group structure from [28] by endowing the
gauge group of a principal bundle over a not necessary compact base manifold M with a Lie group
structure, under mild hypotheses (see [24]). It is clear that we can use an analogous construction to
endow the group of compactly supported sections of a Lie group bundle over a σ-compact manifold
with a Lie group structure. Similarly, Neeb and Wockel already generalised the construction of the Lie
group structure on a gauge group with compact base manifold from [28] to the case of section groups
over compact base manifolds.
The principal aim of this paper is to construct a central extension of the Lie group of compactly
supported smooth sections on a σ-compact manifold such that its corresponding Lie algebra extension
is represented by the Lie algebra cocycle described in [14]. This generalises the corresponding result
from [19] to the case where the base manifold is non-compact. The proof, which combines arguments
from [22] and [19] with new ideas, is discussed in Section 1 and Section 2. The main result is Theorem
2.17 where we show that the canonical cocycle
ω : ΓcpM,Gq
2 Ñ Ω1cpM,Vq{dΓcpM,Gq, pγ, ηq ÞÑ rκpγ, ηqs
can be integrated to a cocycle of Lie groups. This result generalises [19, Theorem 4.24] to the case of a
non-compact base manifold. The first step is to show that the period group of ω is a discrete subgroup
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of Ω1cpM,Vq{dΓcpM,Gq. This will be discussed in Theorem 1.35 and is the complementary result to [19,
Theorem 4.14]. Then we will integrate the adjoint action of ΓcpM,Gq on ΓcpM,Gq ˆω Ω
1
pM,Vq to a
smooth action of ΓcpM,Gq on ΓcpM,GqˆωMΩ
1
pM,Vq this is the complementary result to the statements
in [19, Section 4.2 (Part about general Lie algebra bundles]. Considering a compact manifold M in our
consideration in Section 2 yields an alternative argumentation for the result in [19, Section 4.2 (Part
about general Lie algebra bundles]1. Especially we do not have to assume the typical fiber G of the Lie
group bundle G to be 1-connected.2 In the second part of the paper (Section 3) we turn to the question
of universality. Once constructed, the central extension it is not hard to show its universality because
mainly we can use the arguments from the compact case ([14]).
In the following we fix our notation:
(a) If H ãÑ P
q
ÝÑM is a principal bundle with right action R : P ˆH Ñ P we write V P :“ kerpTqq
for the vertical bundle of TP and VpP :“ TpP XV P for the vertical space in p P P . Analogously
if HP Ď TP is a principal connection (HP ‘ V P “ TP and TRhHpP “ HphP ), we write
HpP :“ TpP XHP for the horizontal space in p P P .
(b) Let H ãÑ P
q
ÝÑM be a finite-dimensional principal bundle over a connected σ-compact manifold
M with right action R : P ˆ H Ñ P and a principal connection HP Ď TP . Given a finite-
dimensional linear representation ρ : H Ñ GLpV q and k P N0, we write
ΩkpP, V qρ “
 
θ P ΩkpP, V q : p@g P Hq ρpgq ˝R˚g θ “ θ
(
for the space of H-invariant k-forms on P and ΩkpP, V qhorρ for the space of H-invariant k-
forms that are horizontal with respect to HP (Di : vi P VpP ñ θpv1, . . . , vkq “ 0)
(cf. [2, Definition 3.3]). Moreover, given a compact set K Ď M we define ΩkKpP, V qρ :“ 
θ P ΩkKpP, V qρ : supppθq Ď q
´1pKq
(
and write ΩkKpP, V q
hor
ρ for the analogous subspace in the
horizontal case. We emphasise that these forms are in general not compactly supported in P its
self. As mentioned in the introduction we equip these spaces with the natural Fre´chet-topology
and write Ωkc pP, V qρ respectively Ω
k
c pP, V q
hor
ρ for the locally convex inductive limit of the spaces
ΩkKpP, V qρ respectively Ω
k
KpP, V q
hor
ρ . This convention also clarifies what we mean by C
8pP, V qρ
respectively C8c pP, V qρ.
(c) In Lemma A.1, we recall that if V is the vector bundle associated to a principal bundle as in
(b), then the canonical isomorphism of chain complexes Ω‚cpP, V q
hor
ρ – Ω
‚
cpM,Vq (see e.g. [2,
Theorem 3.5]) induces isomorphisms of locally convex spaces Ωkc pP, V q
hor
ρ – Ω
k
c pM,Vq.
(d) Given a finite-dimensional vector bundle V ãÑ V
q
ÝÑM over a σ-compact manifold M , a compact
set K Ď M and k P N0 we write Ω
k
KpM,Vq for the space of k-forms on M with values in the
vector bundle V and support in K. Using the identification ΩkpM,Vq – ΓpM,ΛkT ˚M b V q we
give these spaces the locally convex vector topology described in [?] and equip Ωkc pM,Vq with
the canonical inductive limit topology.
(e) Given a manifold M , we write C8p pR,Mq for the set of proper smooth maps from R to M .
However, if F is the total space of a fibre bundle E ãÑ F
q
ÝÑ M , then we define C8p pR, F q :“ 
f P C8pR, F q : q ˝ f P C8p pR,Mq
(
.
1. Construction of the Lie group extension
We introduce the following conventions:
Convention 1.1. (a) All finite-dimensional manifolds are assumed to be σ-compact.
1Our arguments about the discreteness of the image of the period map (Section 1) dose not yield an
alternative argumentation in the compact case.
2An earlier version of this paper, contained a more complicated argumentation that required the group
G to be semisimple.
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(b) Analogously to [19, p. 385 and p.388] we consider following setting3: If not defined otherwise,
H ãÑ P
q
ÝÑM denotes a finite-dimensional principal bundle (see also Theorem 1.36 for the case
where H is infinite-dimensional) over a connected non-compact, σ-compact manifold M and h
the Lie algebra of H4. Moreover let G be a finite-dimensional Lie group (see also Theorem 1.36
for the case where H is infinite-dimensional) with Lie algebra g and κg : gˆgÑ V pgq “: V be the
universal invariant bilinear map on g (see e.g. [12, Chapter 4]). Let ρG : HˆGÑ G be a smooth
action ofH on G by Lie group automorphisms and ρg : HˆgÑ g be the derived action on g by Lie
algebra automorphisms (ρgph, ‚q “ LpρGph, ‚qq P Autpgq). We find a unique map ρV : HˆV Ñ V
that is linear in the second argument and fulfils ρV ph, κgpx, yqq “ κgpρgph, xq, ρgph, yqq for x, y P g
and h P H . The vector space V is generated by elements of the form κgpx, yq with x, y P g. To
see that ρV is also a representation we show ρV pg, ρV ph, κgpx, yqqq “ ρV pgh, κgpx, yqq for x, y P g
and g, h P H :
ρV pg, ρV ph, κgpx, yqqq “ ρV pg, κgpρgph, xq, ρgph, yqqq
“κgpρgpg, ρgph, xqq, ρgpg, ρgph, yqqq “ ρV pgh, κgpx, yqq.
Because we can find a basis of V consisting of vectors of the form κgpx, yq the smoothness of ρV
follows. We write G :“ P ˆρGG for the associated Lie group bundle (the definition of a Lie group
bundle (respectively associated Lie group bundle) is completely analogous to the definition of
a vector bundle (respectively associated Lie group bundle), just in the category of Lie groups),
G :“ P ˆρg g for the associated Lie algebra bundle and V :“ P ˆρV V for the associated vector
bundle to H ãÑ P Ñ M . Let V P be the vertical bundle of TP . We fix a principal connection
HP Ď TP on the principal bundle P and write prh : TP Ñ HP for the projection onto the
horizontal bundle. As pointed out in [19, p. 385] it is no loose of generality to assume the total
space P to be connected. Hence we do so in this paper.
(c) Let Dρg : C
8
c pP, gqρg Ñ Ω
1
cpP, gq
hor
ρg
, f ÞÑ df ˝ prh and DρV : C
8
c pP, V qρV Ñ Ω
1
cpP, V q
hor
ρV
, f ÞÑ
df ˝ prh be the absolute derivatives corresponding to HP (cf. [2, Definition 3.8]). Moreover let
dG : ΓcpM,Gq Ñ Ω
1
cpM,Gq and dV : ΓcpM,Vq Ñ Ω
1
cpM,Vq be the induced covariant derivations
on the Lie algebra bundle G and the vector bundle V respectively (cf. [2, p. 100 ff] and Lemma
A.1).
In [19, Appendix A], where M is compact, Neeb and Wockel endowed the group of sections ΓpM,Gq
of a Lie group bundle G that comes from a principal bundle P with a Lie group structure. They used
the identification ΓpM,Gq – C8pP,GqρG and endowed the group C
8pP,GqρG of G-invariant smooth
maps from P to G with a Lie group structure by using the construction of a Lie group structure on
the gauge group GaupP q described in [28]. To this end they replaced the conjugation of the structure
group on itself by the Lie group action ρG. In the following Definition 1.2, we proceed analogously in
the case where M is non-compact but σ-compact. As the construction from [19] is based on [28], our
analogous definition is based on [24, Chapter 4], because [24, Chapter 4] is the generalisation of [28] to
the non-compact case.
Definition 1.2. (a) We equip the group
C8c pP,GqρG “ tϕ P C
8pP,Gq : pDK ĎM compactq supppϕq Ď q´1pKq
and p@h P H, p P P q ρGphq ˝ ϕppgq “ ϕppqu
with the infinite-dimensional Lie group structure described in [24, Chapter 4]. We just replace
the conjugation of H on itself by the action ρG of H on G. We emphasise that the functions
3In [19] Neeb and Wockel also consider situations where the Lie groups H and G can be infinite-
dimensional locally exponential Lie groups. See also Theorem 1.36, where we discuss the infinite-
dimensional case.
4Like in [22] it is crucial for our proof that the manifold M is not compact. Hence our argumentation
is not an alternative for the proof of [19]
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f P C8c pP,GqρG are not compactly supported in P itself. The Lie algebra of C
8
c pP,GqρG is given
by the locally convex Lie algebra
C8c pP, gqρg “ tf P C
8pP, gqρg : pDK ĎM compactq supppfq Ď q
´1pKqu
“ limÝÑC
8
K pP, gqρg ,
where K runs through the compact subsets of M .
(b) From [24, Chapter 4] (cf. [2, Theorem 3.5] and Lemma A.1) we know ΓcpM,Gq – C
8
c pP, gqρg
in the sense of topological vector spaces. Now, we endow ΓcpM,Gq with the Lie group structure
that turns the group isomorphism ΓcpM,Gq – C
8
c pP,GqρG into an isomorphism of Lie groups.
Hence ΓcpM,Gq becomes an infinite-dimensional Lie group modelled over the locally convex space
ΓcpM,Gq.
In the following definition we fix our notation for the quotient principal bundle. For details on the
well-known concept of quotient principal bundles see e.g. [12, Proposition 2.2.20].
Definition 1.3. Let N :“ kerpρV q Ď H and H{N ãÑ P {N
q
ÝÑ M be the quotient bundle with
projection q : P {N Ñ M, pN ÞÑ qppq and right action R : H{N ˆ P {N Ñ P {N, prgs, pNq ÞÑ ppgqN .
We write H :“ H{N and P :“ P {N . Let ρV : H{N Ñ GLpV q be the factorisation of ρV over
N and π : P Ñ P {N the orbit projection. If ψ : q´1pUq Ñ U ˆ H is a trivialisation of P , then
ψ1 : q´1pUq Ñ U ˆH, pN ÞÑ pqppq, rpr2 ˝ψppqsq is a typical trivialisation of P . It is well-known that V
is isomorph to the associated bundle to H ãÑ P
q
ÝÑM via ρV (see e.g. [12, Remark 2.2.21]). Moreover,
we write HP :“ TπpHP q for the canonical principal connection on P that comes from P (see A.2 (a)).
We mention that π˚ : Ωkc pP , V q
hor
ρ Ñ Ω
k
c pP, V q
hor
ρV
is an isomorphism of topological vector spaces and
induces an isomorphism of chain complexes (see A.2 (c)).
Convention 1.4. Analogously to [19] we introduce the following convention. We assume that the
identity-neighbourhood of H acts trivially on V by ρV (cf. [19, p. 385]). Hence H is a discrete Lie
group. Moreover, we even assume H to be finite (cf. [19, p. 386, p.398 f and Theorem 4.14]).
Definition 1.5. LetH ãÑ P ÑM be a principal bundle with connected total space P and ρV : HˆV Ñ
V a linear representation. Moreover fix a connection HP on TP and let DρV be the induced absolute
derivative of the associated vector bundle V.
(a) We define
Z1dR,cpP, V qρV :“
 
θ P Ω1cpP, V q
hor
ρV
: DρV θ “ 0
(
,
B1dR,cpP, V qρV :“ DρV pC
8
c pP, V qρV q,
and equip these spaces with the induced topology of Ω1cpP, V q
hor
ρV
.
(b) We define
Z1dR,cpP, V qfix :“ Z
1
dR,cpP, V q X Ω
1
cpP, V qρV ,
B1dR,cpP, V qfix :“ B
1
dR,cpP, V q X Ω
1
cpP, V qρV
and equip these spaces with the induced topology of Ω1cpP, V qρV .
Lemma 1.6. Let H ãÑ P Ñ M be a principal bundle and ρV : H ˆ V Ñ V a linear representation.
Moreover fix a connection HP on TP and let DρV be the induced absolute derivative of the associated
vector bundle V.
(a) If H is discrete we have
Z1dR,cpP, V qρV “ Z
1
dR,cpP, V qfix and B
1
dR,cpP, V qρV Ď B
1
dR,cpP, V qfix.
Because in this situation all forms on P are horizontal the topologies on Z1dR,cpP, V qρV and
Z1dR,cpP, V qfix coincide.
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(b) If H is finite we get B1dR,cpP, V qρV “ B
1
dR,cpP, V qfix. Again the topologies on these subspaces
coincide, because the Ω1dR,cpP, V q
hor
ρV
and Ω1dR,cpP, V qρV are exactly the same topological vector
spaces.
Proof. (a) If H is discrete there is only one connection on P namely HP “ TP . Hence DρV becomes
the normal exterior derivative.
(b) Let n :“ #H and θ P B1dR,cpP, V qfix with θ “ df for f P C
8
c pP, V q. For ϕ P C
8
c pP, V q and g P H
we write g.ϕ :“ ρV pgq ˝R
˚
gϕ and get
1
n
¨
ř
gPH g.f P C
8
c pP, V qρV . Moreover dp
1
n
¨
ř
gPH g.fq “ θ.
Hence B1dR,cpP, V qρV “ B
1
dR,cpP, V qfix.
Lemma 1.7. Let H ãÑ P
q
ÝÑM be a principal bundle with finite structure group H and connected total
space P . Moreover let ρV : H ˆ V Ñ V be a finite-dimensional linear representation, HP a connection
on TP and DρV be the induced absolute derivative of the associated vector bundle V.
(a) The map q is proper. Hence in this case the forms in Ωkc pP, V q are exactly the compactly supported
forms in P .
(b) The space B1dR,cpP, V q “ dC
8
c pP, V q is a closed subspace of Ω
1
cpP, V q.
Proof. (a) [25, Lemma 10.2.11] tells us that if F ãÑ F
q
ÝÑ M is a continuous fibre bundle of finite-
dimensional topological manifolds and F is finite, then q is a proper map (a more general state-
ment in the setting of topological spaces is stated in [16, Exercise A.75.] (but it is not of interest
for our considerations)).
(b) [22, Lemma IV.11] tells us that, if M is a connected finite-dimensional manifold and V a finite-
dimensional vector space, then B1dR,cpM,V q “ dC
8
c pM,V q is a closed subspace of Ω
1
cpM,V q.
For the corresponding statement to the following lemma in the case of a compact base manifold,
compare [19, p. 385 f].
Lemma 1.8. The subspace DρV C
8
c pP, V qρV Ď Ω
1
cpP, V q
hor
ρV
is closed.
Proof. The lemma simply says that dΓcpM,Vq is closed in Ω
1
cpM,Vq. Hence it is enough to show that
the subspace dC8c pP , V qρV is closed in Ω
1
cpP , V q
hor
ρV
“ Ω1cpP , V qρV . We know that B
1
dR,cpP , V q is closed
in Ω1cpP , V q. We calculate
dC8c pP , V qρV “ B
1
dR,cpP , V qfix “
č
gPH
!
θ P B1dR,cpP , V q : ρV pgq ˝R
˚
g θ “ θ
)
“
č
gPH
pρV pgq ˝R
˚
g ´ idq
´1 t0u .
We see that dC8c pP , V qρV is closed in Ω
1
cpP , V q. Because the topology of Ω
1
cpP , V qρV is finer then the
induced topology of Ω1cpP , V q, the space dC
8
c pP , V qρV is also closed in Ω
1
cpP , V qρV .
Definition 1.9. LetH ãÑ P ÑM be a principal bundle with connected total space P and ρV : HˆV Ñ
V a linear representation. Moreover fix a connection HP on TP and let DρV be the induced absolute
derivative of the associated vector bundle V.
(a) If the quotient group H{ kerpρV q is finite (this of course includes the case where the group H is
finite) we define
H1dR,cpP, V qρV :“ Z
1
dR,cpP, V qρV {B
1
dR,cpP, V qρV – H
1
dR,cpM,Vq.
Because of Lemma 1.8 this is a Hausdorff locally convex space.
6
(b) We have a canonical H-module structure on H1dR,cpP, V q given by H ˆ H
1
dR,cpP, V q Ñ
H1dR,cpP, V q, ph, rθsq ÞÑ rρV phq ˝ R
˚
hθs. As usual we call the fixed points of this action ρV -
invariant. If the group H is finite we define
H1dR,cpP, V qfix :“
 
rθs P H1dR,cpP, V q : rθs is ρV -invariant
(
and because of Lemma 1.7 the space H1dR,cpP, V qfix becomes a Hausdorff locally convex space as
a closed subspace of the Hausdorff locally convex space H1dR,cpP, V q.
It is possible to show the following Lemma 1.10 by a more abstract argument using that under certain
conditions the fixed point functor is exact like it was done in the compact case in [19, Remark 4.12].
Lemma 1.10. Let H ãÑ P Ñ M be a principal bundle and ρV : H ˆ V Ñ V a linear representation.
If H is finite we get
H1dR,cpP, V qfix – Z
1
dR,cpP, V qfix{B
1
dR,cpP, V qfix.
in the sense of topological vector spaces.
Proof. Let n :“ #H . We consider the linear map ψ : Z1dR,cpP, V qfix Ñ H
1
dR,cpP, V qfix, θ ÞÑ rθs. The
map ψ is continuous because the inclusion ZdR,cpP, V qfix ãÑ Ω
1
cpP, V q is continuous and so the canonical
map ZdR,cpP, V qfix Ñ H
1
dR,cpP, V q is continuous. If rθs P H
1
dR,cpP, V qfix with θ “ df for f P C
8
c pP, V q,
then rθs “ rdp 1
n
ř
gPH g.fqs and dp
1
n
ř
gPH g.fq P B
1
dR,cpP, V qfix so kerpψq Ď B
1
dR,cpP, V qfix. Obviously
B1dR,cpP, V qfix Ď kerpψq. Now we show that ψ is surjective. If rθs P H
1
dR,cpP, V qfix, then rθs “ r
1
n
¨ř
gPH g.θs and
1
n
¨
ř
gPH g.θ P Z
1
dR,cpP, V qfix. Hence ψ factors through a continuous bijective linear map
ψ : Z1dR,cpP, V qfix{B
1
dR,cpP, V qfix Ñ H
1
dR,cpP, V qfix. It is left to show that ψ is also open. We define
τ : H1dR,cpP, V q Ñ Z
1
dR,cpP, V qfix{B
1
dR,cpP, V qfix, rθs ÞÑ
«
1
n
¨
ÿ
gPH
g.θ
ff
.
Obviously τ |H1
dR,c
pP,V qfix is inverse to ψ. The map
Ω1cpP, V q Ñ Ω
1
cpP, V qρV , θ ÞÑ
1
n
¨
ÿ
gPH
g.θ
is continuous, because the action g.θ “ ρpgq ˝R˚g θ dose not enlarge the support of a given form.
Corollary 1.11. Considering the principal bundle H ãÑ P ÑM with the action ρV we have
H1dR,cpP , V qfix – Z
1
dR,cpP , V qfix{B
1
dR,cpP , V qfix – H
1
dR,cpP , V qρV .
The following lemma is a generalisation of considerations in [19, p. 399 and Remark 4.12] from the
compact case to the non-compact case.
Lemma 1.12. (a) If we endow H1dR,cpM,V q with the canonical H-module structure H ˆ
H1dR,cpM,V q Ñ H
1
dR,cpM,V q, ph, rθsq ÞÑ rρV phq ˝ θs, the map q
˚ : H1dR,cpM,V q Ñ H
1
dR,cpP , V q
becomes an isomorphism of H-modules. And H1dR,cpM,V qfix –q˚ H
1
dR,cpP , V qfix.
(b) We have
H1dR,cpM,Vfixq – H
1
dR,cpM,V qfix (1)
if we write Vfix for the sup space of fixed points in V by the action ρV .
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(c) The map
H1dR,cpM,Vfixq Ñ H
1
dR,cpP, V qρV , rθs ÞÑ rq
˚θs
is an isomorphism of topological vector spaces.
Proof. (a) For h P H we calculate
q˚rρphq ˝ θs “ rρphq ˝ q˚θs “ rρphq ˝ pq ˝Rhq
˚θs “ rρphq ˝R
˚
hq
˚θs “ h.q˚rθs.
Hence q˚ is an isomorphism of H-modules. Now the second assertion follows from Lemma A.3.
(b) We exchange P with M and the action g.θ “ ϕpgq ˝ R˚gϕ with g.θ “ ρV pgq ˝ θ in the proof of
Lemma 1.10 and get
H1dR,cpM,V qfix – Z
1
dR,cpM,V qfix{B
1
dR,cpM,V qfix.
Now we show that the isomorphism ϕ : Ω1cpM,Vfixq Ñ Ω
1
cpM,V qfix, θ ÞÑ θ is a homeomorphism
where Ω1cpM,V qfix is equipped with the induced topology from Ω
1
cpM,V q. Given a compact set
K ĎM the map Ω1KpM,Vfixq Ñ Ω
1
KpM,V q is continuous. Hence Ω
1
cpM,Vfixq Ñ Ω
1
cpM,V q is con-
tinuous. Therefore ϕ is continuous. Considering the continuous map Ω1cpM,V q Ñ Ω
1
cpM,Vfixq,
θ ÞÑ
ř
hPH h.θ, we see that ϕ is an isomorphism of topological vector spaces. Now the assertion
follows from Z1dR,cpM,V qfix “ Z
1
dR,cpM,Vfixq and B
1
dR,cpM,V qfix “ B
1
dR,cpM,Vfixq.
(c) We have the commutative diagram
H1dR,cpM,Vfixq
q˚ //

H1dR,cpP, V qρV
H1dR,cpM,V qfix
q˚ // H1dR,cpP , V qfix
// H1dR,cpP , V qρV .
pi˚
OO
The assertion now follows from (a), (b) and Corollary 1.11.
Convention 1.13. From now on we write q˚ : H
1
dR,cpP, V qρV Ñ H
1
dR,cpM,Vfixq for the inverse of
q˚ : H1dR,cpM,Vfixq Ñ H
1
dR,cpP, V qρV , rθs ÞÑ rq
˚θs.
Remark 1.14. Given an infinite-dimensional Lie group G with Lie algebra g, a trivial locally convex
g-module z and a Lie algebra cocycle ω : gˆ gÑ z, [20, Theorem 7.12] gives us conditions under which
we can integrate ω to a Lie group cocycle of the Lie group G. These conditions were recalled in the
introductions to this thesis (see p. xiv). Theorem 7.12 in [20] is formulated in the case where z is
sequentially complete5. Although it also hold in a special case when z is not sequentially complete: Let
E be a Mackey complete space, F Ď E be a closed subspace, z “ E{F . If ω lifts to a continuous bilinear
map α : gˆ gÑ E, then the results of [20] stay valid. To see this we make the following consideration:
Let ωl be the left invariant 2 form on G corresponding to ω. The completeness of z is only used to
guaranty the existence of weak integrals in the following settings:
(a)
ş
σ
ωl “
ş
M
σ˚ωl where M is a 2-dimensional manifold (namely M “ S1) or simplex and σ : M Ñ
G is a smooth map (see [20, Chapter 5 and 6]),
(b)
ş1
0
ωlpfptqqdt where f : r0, 1s Ñ TG‘TG is a smooth map into the Whitney sum (see [20, Chapter
7]).
The integrals
ş
σ
ωl and
ş1
0
ωlpfptqqdt are weak integral, but such integrals do not have to exist in arbitrary
locally convex space. Although they exist in sequentially complete (respectively Mackey complete) locally
convex spaces. This is the reason why Neeb assumes z to be sequentially complete. Now we consider the
5See Lemma A.7 for conditions that guaranty the sequential completeness of Ω
1
pM,Vq.
8
situation where z is not its self sequentially complete, but z “ E{F with a Mackey complete locally convex
space E and a closed subspace F and ω “ π ˝ α is a Lie algebra cocycle with the canonical projection
π : E Ñ E{F and a continuous bilinear map α : g2 Ñ E. We show the existence of the weak integralş
σ
ωl. We define α˜ : g2 Ñ E, pv, wq ÞÑ 1
2
αpv, wq ´ 1
2
αpw, vq (cf. [19, Remark 2.2]). We get π ˝ α˜ “ ω
and α˜ is a continuous Lie algebra 2-cochain. Let α˜l P Ω2pG,Eq be the left invariant differential form
on G that comes from α˜. We get ωl “ π ˝ α˜l and the weak integral
ş
σ
ωl is given byż
M
σ˚ωl “ π
ˆż
M
σ˚α˜l
˙
.
The existence of the weak integral
ş1
0
ωlpfptqqdt follows analogously.
Definition 1.15. We define the locally convex spaces
Ω
1
cpP, V q
hor
ρV
:“ Ω1cpP, V q
hor
ρV
{DρV C
8
c pP, V qρV and
Ω
1
cpM,Vq :“ Ω
1
cpM,Vq{dVΓcpM,Vq.
With Lemma A.2 and Lemma A.1 we get
Ω
1
cpM,Vq – Ω
1
cpP, V q
hor
ρV
– Ω
1
cpP , V q
hor
ρV
.
Remark 1.16. (a) Considering the vector bundle V pGq from [14], we have a vector bundle isomor-
phism VÑ V pGq given by
ϕ : P ˆρV V “ VÑ V pGq “ V pP ˆρg gq,
rp, κgpx, yqs ÞÑ κGqppqprp, xs, rp, ysq for x, y P g.
In fact, ϕ is well-defined, because given p P P there exists a unique linear map ϕp : V “ V pgq Ñ
V pGqppqq given by ϕppκgpx, yqq “ κGqppqprp, xs, rp, ysq. And given x PM the map pP ˆρV V qx Ñ
V pGxq, rp, vs ÞÑ ϕppvq is well-defined. The bundle morphism ϕ is smooth, because ϕ is locally
given by U ˆ V Ñ U ˆ V , px0, κgpx, yqq ÞÑ px0, κgpx, yq for a domain U ĎM of a trivialisation
of P , x0 P U and x, y P g in the canonical charts. Hence ϕ is locally given by the identity
U ˆ V Ñ U ˆ V .
(b) Given θ P Ω1cpP, gq
hor
ρg
and f P C8c pP, gqρg , we have κg ˝ pθ, fq P Ω
1
cpP, V q
hor
ρV
. In fact obviously
κg ˝ pθ, fq is horizontal and “compactly supported” with respect to the principal bundle P
q
ÝÑM .
Moreover given h P H, p P P and v P TpP , we calculate
R˚hpκg ˝ pθ, fqqppvq “ κgpθphpTRhpvqq, fpphqq
“κgpρgph
´1q.θppvq, ρgph
´1q.fppqq “ ρV ph
´1q.κgpθppvq, fppqq.
Therefore the map κ˜g : Ω
1
cpP, gq
hor
ρg
ˆC8c pP, gqρg Ñ Ω
1
cpP, V q
hor
ρV
, pθ, fq ÞÑ κg ˝ pθ, fq makes sense
and we obtain the commutative diagram
Ω1cpP, gq
hor
ρg
ˆ C8c pP, gqρg

κ˜g // Ω1cpP, V q
hor
ρV

ΩcpM,Vq

Ω1cpM,Gq ˆ ΓcpGq
κ˜G // Ω1cpM,V pGqq,
where the lower horizontal arrow is given by the map κ˜G described in [4, Lemma 3.23] and
the vertical arrows are the canonical isomorphisms of topological vector spaces. Especially κ˜g is
continuous. Moreover we write κ˜gpη, θq :“ κ˜gpθ, ηq for θ P Ω
1
cpP, gq
hor
ρg
and η P ΓcpGq.
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(c) The map C8c pP, gqρg ˆ Ω
1
cpP, gq
hor
ρg
Ñ Ω1cpP, gq
hor
ρg
, pη, θq ÞÑ rη, θs with rη, θsppwq “ rηppq, θppwqs
for p P P and w P TpP makes sense, because obviously rη, θs is horizontal and rη, θs P Ω
1
cpP, gq and
because ρg acts by Lie algebra automorphisms on g the form rη, θs is also ρg invariant. Under the
canonical isomorphisms of topological vector spaces Ω1cpP, gq
hor
ρg
– Ω1cpM,Gq and C
8
c pP, gqρg –
ΓcpM,Gq this map corresponds to the map Ω
1
cpM,Gq ˆ ΓcpM,Gq Ñ ΩcpM,Gq, pθ, ηq ÞÑ rθ, ηs
with rθ, ηsxpvq “ rθxpvq, ηpxqsGx for x P M and v P TxM . We define rη, θs :“ ´rθ, ηs for
θ P Ω1cpP, gq
hor
ρg
and η P ΓcpGq.
(d) We write prh : TP Ñ HP for the projection onto the horizontal bundle. We see directly, that
Dρg : C
8
c pP, gqρg Ñ Ω
1
cpP, gq
hor
ρg
, f ÞÑ df ˝ prh is a Lie connection.
(e) We define the map β : C8c pP, gqρg ˆ C
8
c pP, gqρg Ñ Ω
1
cpP, V q
hor
ρV
, βpf, gq “ κ˜gpDρgf, gq `
κ˜gpDρgg, fq. Because DρV and Dρg are induced by the same principal connection on P we
obtain a commutative diagram
C8c pP, gqρg ˆ C
8
c pP, gqρg
β //
pκgq˚

Ω1cpP, V q
hor
ρV
C8c pP, V qρV
DρV
44❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤
where pκgq˚pf, gq “ κg ˝ pf, gq.
Definition 1.17. We define the map
ωM : C
8
c pP, gqρg ˆ C
8
c pP, gqρg Ñ Ω
1
cpP, V q
hor
ρV
, pf, gq ÞÑ rκgpf,Dρggqs,
which is the analogous map to the cocycle ω defined in the compact case in [19, Proposition 2.1]. Because
Dρg is linear, DρgpC
8
K pP, gqρgq Ď Ω
1
KpP, gq
hor
ρg
and Dρgpfq “ df ˝ prh we get that Dρg : C
8
c pP, gqρg Ñ
Ω1cpP, gq
hor
g is continuous. Considering Remark 1.16 (b) we see that ωM is continuous. Repeating the
argumentation of the proof of [19, Proposition 2.1] we see that ωM is anti-symmetric and a cocycle.
Remark 1.18. In this remark we suppose that g is perfect. Because pκgq˚ : C
8
c pP, gqρgˆC
8
c pP, gqρg Ñ
C8c pP, V qρV corresponds to the universal continuous invariant bilinear form κG : ΓcpGq ˆ ΓcpGq Ñ
ΓcpV pGqq from [4, Theorem 3.20] the absolute derivative DρV corresponds to the covariant derivative
d constructed in [4, Theorem 3.24], especially we have d “ dV. Hence our Lie algebra cocycle ωM from
Definition 1.17 corresponds to the cocycle ω∇ from [14, Chapter 1, (1.1)].
In [19] Neeb and Wockel used Lie group homomorphisms that are pull-backs by horizontal lifts of
smooth loops α : S1 Ñ M to reduce the proof of the discreteness of the period group to the case of
M “ S1 (see [19, Definition 4.2 and Remark 4.3]). But this approach dose not work in the non-compact
case. Instead we want to use the results from [22] of current groups on non-compact manifolds. Hence we
use pull-backs by horizontal lifts of proper maps α : RÑM (see the next definition). A corresponding
definition to the following Definition 1.19, in the case of a compact base manifold is given by [19,
Definition 4.2].
Definition 1.19. We fix x0 P M , p0 P Px0 and α P C
8
p pR,Mq with αp0q “ x0. Let αˆ P C
8pR, P q be
the unique horizontal Lift of α with αˆp0q “ p0. We define the group homomorphism
αˆ˚G : C
8
c pP,GqρG Ñ C
8
c pR, Gq, ϕ ÞÑ ϕ ˝ αˆ
and the Lie algebra homomorphism
αˆ˚g : C
8
c pP, gqρg Ñ C
8
c pR, gq, f ÞÑ f ˝ αˆ.
In this context the maps in C8c pR, Gq respectively C
8
c pR, gq are compactly supported in R itself. These
maps make sense, because given ϕ P C8c pP,Gq we have supppϕq Ď q
´1pLq for a compact set L Ď M .
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We get supppϕ ˝ αˆq Ď α´1pLq, because if ϕpαˆptqq ‰ 1, we get αˆptq P q´1pLq and so αptq “ q ˝ αˆptq P L.
Hence t P α´1pLq. Now we take the closure. Moreover we define the integration map
Iα : Ω
1
cpP, V q
hor
ρV
Ñ V, rθs ÞÑ
ż
R
αˆ˚θ.
This map is well-defined: Let θ P Ω1cpP, V qρV with supppθq Ď q
´1pLq for a compact set L ĎM . We get
supppαˆ˚θq Ď α´1pLq, because if pαˆ˚θqt ‰ 0 we get αˆptq P q
´1pLq and so αptq “ q ˝ αˆptq P L. Moreover
pαˆ˚DρV fqptq “ pDρV fqαˆptqpαˆ
1ptqq “ pdfqαˆptqpαˆ
1ptqq “ pf ˝ αˆq1ptq.
Hence
ş
R
pαˆ˚DρV fq “
ş
R
pf ˝ αˆq1ptq “ 0 for f P C8c pP, V qρV , because f ˝ αˆ has compact support in R.
The following Remark is obvious.
Remark 1.20. Let W “
Ťn
i“1 Ii be a union of finitely many closed intervals in R. Then W is a
submanifold with boundary. In fact let W “
Ť
jPJ Cj be the disjoint union of the connected components
of W . For j P J and x P Cj we find ij with x P Iij . Hence Iij Ď Cj. If j1 ‰ j2 then Iij1 X Iij2 “ H
and so ij1 ‰ ij2 . Therefore #J ď n. Obviously the sets Cj are intervals.
The following lemma is a modification of the proofs of [24, Lemma 3.7 and Corollary 3.10].
Lemma 1.21. Let pUiqiPN be a relative compact open cover of R with Ui ‰ H. Then there exists an
open cover pWiqiPN of R, such that Wi Ď Ui, Wi ‰ H and W i is a submanifold with boundary.
Proof. Let Kn :“ r´n, ns for n P N. For all x P K1 there exists ix P N, such that x P Uix . Let
Bεxpxq Ď Uix . We find x1, . . . , xN1 , such that K1 Ď
ŤN1
k“1 Bεxk pxkq. We define V1,k :“ Bεxk pxkq and
Ui1,k :“ Uixk for k “ 1, . . . , N1. We have K1 Ď
ŤN1
k“1 V1,k and V 1,k Ď Ui1,k . We can argue analogously
for the compact set KnzKn´1 with n ě 2 and find open intervals Vn,1, . . . , Vn,Nn and indices in,k such
that KnzKn´1 Ď
ŤNn
k“1 Vn,k and V n,k Ď Uin,k . We obtain R Ď
Ť8
n“1
ŤNn
k“1 Vn,k. For i P N we define
Ii :“ tpn, kq : in,k “ iu. We have #Ii ă 8, because Ui is relative compact. Now we define
Wi :“
#Ť
pn,kqPIi
Vpn,kq : Ii ‰ H
J,
where J is an arbitrary not degenerated interval that is contained in Ui. We obtain
Ť
iPNWi “ R and
Wi Ď Ui for all i P N. Moreover Wi is a finite union of open intervals. Let Wi “
Ťn
j“1 Jj with intervals
Jj . We have W i “
Ťn
j“1 Jj . Hence W i is a manifold with boundary (see Remark 1.20).
In the following lemma we use the concept of weak products of infinite-dimensional Lie groups (cf.
[6, Section 7] respectively [8, Section 4]).
Lemma 1.22. In the situation of Definition 1.19 the group homomorphism
αˆ˚G : C
8
c pP,GqρG Ñ C
8
c pR, Gq, ϕ ÞÑ ϕ ˝ αˆ
is in fact a Lie group homomorphism such that the corresponding Lie algebra homomorphism is given
by αˆ˚g : C
8
c pP, gqρg Ñ C
8
c pR, gq, f ÞÑ f ˝ αˆ.
Proof. Using the construction of the Lie group structure described in [24, Chapter 4], we can argue
in the following way. Let pV i, σiqiPN be a locally finite compact trivialising system of H ãÑ P
q
ÝÑ M
(see [24, Definition 3.6 and Corollary 3.10]). We define Ui :“ α
´1pViq for i P N. The map α is proper.
Because pα´1pV iqqiPN is a compact locally finite cover of R, also pU iqiPN is a compact locally finite cover
of R. We use Lemma 1.21 and find a cover pWiqiPN of R such that Wi Ď Ui and pW iqiPN is a compact
locally finite cover of R with submanifolds with boundaries. Moreover we have W i Ď α
´1pV iq for all
11
i P N. Now pW i, id |
R
W i
qiPN is a compact locally finite trivialising system of the trivial principal bundle
t1u ãÑ R
id
ÝÑ R with the trivial action t1u ˆGÑ G. We get the following diagram
C8c pP,GqρG
_
f ÞÑpf˝σiqi

αˆ˚
G // C8c pR, Gq
_
f ÞÑpf |Wi qi
ś˚
iPN C
8pV i, Gq
pψiqiPN // ś˚
iPN C
8pW i, Gq
(2)
where the group homomorphisms ψi are given by the diagram
C8pV i, Gq
ψi //
θi

C8pW i, Gq
C8pV i ˆH,Gq
f ÞÑf˝ϕi

C8pP |V i , Gq
f ÞÑf˝αˆ|Wi
::ttttttttttttttttttttttttt
with θi : C
8pV i, Gq Ñ C
8pV i ˆ H,Gq, f ÞÑ ppx, hq ÞÑ ρGphq.fpxqq and ϕi the inverse of V i ˆ H Ñ
P |V i , px, hq ÞÑ σipxqh. Defining τ
i : W i Ñ V i ˆH, τ
i :“ ϕi ˝ αˆ|W i and τ
i
j :“ prj ˝τ
i for j P t1, 2u the
map ψi : C
8pV i, Gq Ñ C
8pW i, Gq is given by
f ÞÑ ρGppr2 ˝ϕi ˝ αˆ|W ip‚qq.pf ˝ pr1 ˝ϕi ˝ αˆ|W ip‚qq “ ρGpτ
i
2p‚qq.pf ˝ τ
i
1p‚qq.
In order to show that (2) is commutative let f P C8c pP,GqρG . Then
ρGphq.f ˝ σipxq “ fpσipxq.hq “ fpϕ
´1
i px, hqq
for all px, hq P V iˆH . Hence ψipf ˝σiq “ f ˝ αˆ|W i . To show that ψi is a Lie group homomorphism it is
enough to show that C8pV i, GqˆW i Ñ G, pf, xq ÞÑ ρGpτ2pxq, fpτ1pxqqq is smooth ([1] respectively [24,
Theorem 2.25]). The map C8pV i, Gq ˆ V i, pf, yq ÞÑ fpyq is smooth (see [1] respectively [24, Theorem
2.26]) and so C8pV i, Gq ˆW i Ñ H ˆ G, pf, xq ÞÑ pτ2pxq, fpτ1pxqqq is smooth. It is left to show that
Lpαˆ˚Gq is given by C
8
c pP, gqρg Ñ C
8
c pR, gq, f ÞÑ f ˝ αˆ. To this end let f P C
8
c pP, gqρg . We calculate
Lpαˆ˚Gqpfq “
B
Bt
ˇˇˇˇ
t“0
αˆ˚Gpexpptfqq “
B
Bt
ˇˇˇˇ
t“0
pexpptfq ˝ αˆq
“
B
Bt
ˇˇˇˇ
t“0
pexpG ˝pt ¨ fq ˝ αˆq“
˚
B
Bt
ˇˇˇˇ
t“0
ppt ¨ fq ˝ αˆq “ f ˝ αˆ
where ˚ follows from
evp
ˆ
B
Bt
ˇˇˇˇ
t“0
pexpG ˝pt ¨ fq ˝ αˆq
˙
“
B
Bt
ˇˇˇˇ
t“0
pexpGpt ¨ fpαˆppqqq “ evp
ˆ
B
Bt
ˇˇˇˇ
t“0
ppt ¨ fq ˝ αˆq
˙
for p P P . Now the assertion follows from [8, Proposition 4.5] respectively [24, Corollary 2.38].
Definition 1.23 (Cf. Proof of Lemma V.10 in [22]). We define the cocycle
ωR : C
8
c pR, gq
2 Ñ Ω
1
cpR, V q “ H
1
dR,cpR, V q Ñ V,
pf, gq ÞÑ rκgpf, g
1qs ÞÑ
ż
R
κgpfptq, g
1ptqqdt.
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The following Lemmas 1.24, 1.25 and 1.26 are used to proof Lemma 1.27, a generalisation of [22,
Lemma V.16] from the case of a current group to the case of a group of sections.
In the case of a compact base manifold, there exists a corresponding statement to the following
Lemma 1.24. It is given by equation (9) in [19, Remark 4.3].
Lemma 1.24. Given x0 PM , p0 P Px0 and α P C
8
p pR,Mq with αp0q “ x0 we get
Iα ˝ ωM “ ωR ˝ pαˆ
˚
g ˆ αˆ
˚
gq. (3)
Hence the following diagram commutes:
C8c pP, gq
2
ρg
ωM //
αˆ˚gˆαˆ
˚
g

Ω
1
cpP, V q
hor
ρV
Iα

C8c pR, gq
2 ωR // V.
Proof. For g P C8c pP, gqρg we have
pαˆ˚Dρggqptq “ Dρggpαˆ
1ptqq “ pg ˝ αˆq1ptq,
because αˆ is a horizontal map. For f, g P C8c pP, gqρg we get
IαpωM pf, gqq “ Iαprκgpf,Dρggqsq “
ż
R
αˆ˚κgpf,Dρggq “
ż
R
κgpf ˝ αˆ, αˆ
˚Dggq
“
ż
R
κgpf ˝ αˆptq, pg ˝ αˆq
1ptqqdt “ ωR ˝ pαˆ
˚
g ˆ αˆ
˚
gqpf, gq.
The following Lemma 1.25 can be found in [19, Remark C.2 (a)].
Lemma 1.25. Let ϕ : G1 Ñ G2 be a Lie group homomorphism and gi the Lie algebra of Gi for i P t1, 2u.
Moreover let V be a trivial gi-module and ω P Z
2
c pg2, V q. Then we get
perω ˝π2pϕq “ perLpϕq˚ω (4)
as an equation in the set of group homomorphism from π2pG1q to V .
The following lemma corresponds to the first equation in [19, Remark 4.3 (10)].
Lemma 1.26. Let x0 PM and p0 P Px0 be base points and α P C
8
p pR,Mq. Then
Iα ˝ perωM “ perIα˝ωM : π2pC
8
c pP,GqρG q Ñ V. (5)
Proof. Let ωlM P Ω
2pC8c pP,GqρG ,Ω
1
cpP, V q
hor
ρV
q be the corresponding left invariant 2-form of ωM P
Z2ctpC
8
c pP, gqρg ,Ω
1
cpP, V q
hor
ρV
q. Then Iα ˝ ω
l
M P Ω
2
dRpC
8
c pP,KqρK , V q is left invariant and
pIα ˝ ω
l
M q1pf, gq “ Iαppω
l
M q1pf, gqq “ Iα ˝ ωM pf, gq
for f, g P C8c pP, gqρg “ T1C
8
c pP,GqρG . Hence pIa ˝ ωM q
l “ Iα ˝ ω
l
M . For rσs P π2pC
8
c pP,GqρG q with a
smooth representative σ we get
perIα˝ωM prσsq “
ż
S2
σ˚pIα ˝ ω
l
M q “
ż
S2
Iα ˝ σ
˚ωlM “ Iα ˝
ż
S2
σ˚ωlM “ Iα ˝ perωM prσsq.
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The following lemma is a generalisation of [22, Lemma V.16] in the case of a finite-dimensional Lie
group.
Lemma 1.27. For a proper map α P C8p pR,Mq and the base points x0 P M and p0 P Px0 we get the
following diagram commutes:
π2pC
8
c pP,GqρG q
perωM //
pi2pαˆ
˚
Gq

Ω
1
cpP, V q
hor
ρV
Iα

π2pC
8
c pR, Gqq perωR
// V.
Proof. We calculate
Iα ˝ perωM “
p5q
perIα˝ωM “
p3q
perωR˝pαˆ˚ˆαˆ˚q “
p4q
perωR ˝π2pαˆ
˚
Gq. (6)
Lemma 1.28. Let x0 P M and p0 P Px0 be base points and α P C
8
p pR,Mq with αp0q “ x0. Moreover,
let αˆ P C8pR, P q be the unique horizontal lift of α to P with αˆp0q “ p0.
(a) We have the commutative diagram
H1dR,cpM,Vfixq
– q˚

Iα
rθsÞÑ
ş
R
α˚θ
// V
id

H1dR,cpP, V qρV
Iα
rθsÞÑ
ş
R
αˆ˚θ
// V.
(b) Given rθs P H1dR,cpM,Vfixq we have
ş
R
aˆ˚q˚θ “
ş
R
α˚θ respectivelyż
R
αˆ˚θ “
ż
R
α˚q˚θ
for all rθs P H1dR,cpP, V qρV .
Proof. (a) Given rθs P H1dR,cpM,Vfixq, we calculateż
R
αˆ˚pq˚θq “
ż
R
pq ˝ αˆq˚θq “
ż
R
α˚θ.
(b) Clear.
The following Lemma 1.29 comes from [22, Corrolary IV.21].
Lemma 1.29. If Γ Ď V a discrete subgroup then
H1dR,cpM,Γq :“
"
rθs P H1dR,cpM,V q : p@α P C
8
p pR,Mqq
ż
R
α˚θ P Γ
*
is a discrete subgroup of Ω
1
cpM,V q.
The following statement can be found in the proof of [22, Proposition V.19].
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Lemma 1.30. Because κg is universal and V is finite dimensional it is well known that ΠωR “ impperωRq
is a discrete subgroup of Ω
1
cpR, V q “ H
1
dR,cpR, V q – V .
Proof. We argue exactly like in the proof of [22, Proposition V.19], by combining [17, Theorem II.9]
and [22, Lemma V.11].
Remark 1.31. Because q : P Ñ M is a finite covering, q is a proper map and so a curve α : R Ñ P
is proper if and only if q ˝ α : R Ñ M is proper. Hence the maps in C8p pR, P q are proper in the usual
sense.
Lemma 1.32. Let α : R Ñ P be a proper map. We define x0 :“ αp0q, x0 :“ qpx0q and α :“ q ˝ α.
Moreover let p0 P P with πpp0q “ x0 and αˆ : R Ñ P be the unique horizontal lift of α to P with
αˆp0q “ p0 then
Ω
1
cpP , V qρV
– pi˚

rθsÞÑ
ş
R
α˚θ
// V
id

Ω
1
cpP, V q
hor
ρV
Iα
rθsÞÑ
ş
R
αˆ˚θ
// V
commutes.
Proof. We have π ˝ αˆ “ α because α is the unique horizontal lift of α to P with αp0q “ x0 and π ˝ αˆ is
also a horizontal lift of α to P that maps 0 to x0. Henceż
R
αˆ˚pπ˚θq “
ż
R
pπ ˝ αˆq˚θ “
ż
R
α˚θ
for θ P Ω1cpP , V qρV .
The proof of the following lemma is similar to the proof of [22, Lemma A.1].
Lemma 1.33. Given a compact set L Ď C8c pP,GqρG we find a compact set K Ď M such that L Ď
C8K pP,GqρG .
Proof. From [24, Theorem 4.18] we know that the map exp˚ : C
8
c pP, gqρg Ñ C
8
c pP,GqρG , f ÞÑ expG ˝f
is a local diffeomorphism around 0. Given a compact set K ĎM we have
exp˚pC
8
K pP, gqρg q Ď C
8
K pP,GqρG . (7)
Let U Ď C8c pP,GqρG be a 1-neighbourhood and V Ď C
8
c pP, gqρg be a 0-neighbourhood such that
exp˚ |
U
V is a diffeomorphism. We write Φ :“
`
exp˚ |
U
V
˘´1
. If L Ď U is a compact set, then ΦpLq is a
compact subset C8c pP, gqρg . Because C
8
c pP, gqρg is a strict LF-space we find a compact subset K ĎM
such that ΦpLq Ď C8K pP, gqρg XV (see [27, Theorem 6.4] or [9, Remark 6.2 (d)]). Hence with (7) we get
L Ď C8K pP,GqρG . Now let L Ď C
8
c pP,GqρG be an arbitrary compact subset. Let W Ď C
8
c pP,GqρG be
a 1-neighbourhood such that W Ď U . Because L is compact we find n P N and gi P C
8
c pP,GqρG such
that L Ď
Ťn
i“1 gi ¨W . Defining the compact set Li :“ LXgi ¨W , we get L Ď
Ťn
i“1 Li. Let i P t1, . . . , nu.
We get g´1i ¨ Li Ď W Ď U . Hence we find a compact set K1 Ď M with g
´1
i ¨ Li Ď C
8
K1
pP,GqρG . Let
K2 ĎM , be compact with supppgiq Ď q
´1pK2q and Ki :“ K1 YK2 and K :“
Ťn
i“1Ki. We get
Li Ď gi ¨ C
8
K1
pP,GqρG Ď C
8
Ki
pP,GqρG Ď C
8
K pP,GqρG .
Hence L “
Ťn
i“1 Li Ď C
8
K pP,GqρG .
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In [22, Remark IV.17] (where M is non-compact) Neeb extends a smooth loop α : r0, 1s Ñ M by a
smooth proper map γ : r0,8rÑM to a proper map a˜ : RÑM such that for all 1-forms θ with compact
support one gets
ş
α
θ “
ş
α˜
θ. This construction is also used in the proof of the following Theorem 1.34.
An analogous theorem was proofed in the compact case in [19, Proposition 4.11].
Theorem 1.34. If M is non-compact, we have
impperωM q “ ΠωM Ď H
1
dR,cpM,Vq Ď Ω
1
cpM,Vq.
This means that all forms in ΠωM are closed.
Proof. Because π˚ : Ω‚cpP , V qρV Ñ Ω
‚
cpP, V q
hor
ρV
is an isomorphism of chain complexes, it is enough
to show ΠωM Ď H
1
dR,cpP , V q Ď Ω
1
cpP , V q. To this end let rθs P ΠωM and α0, α1 : r0, 1s Ñ P be
closed smooth curves in a point x0 P P that are homotopic relative t0, 1u by a smooth homotopy
F : r0, 1s2 Ñ P . From Lemma A.4 we get that it is enough to show
ş
α0
θ “
ş
α1
θ. By composing αi
respectively F ps, ‚q with a strictly increasing diffeomorphism ϕ : r0, 1s Ñ r0, 1s whose jets vanish in 0
and 1, respectively, we can assume that in a local chart all derivatives of αi and F ps, ‚q vanish in 0 and 1
respectively, because
ş
αi
θ “
ş
αi˝ϕ
θ (forward parametrization dose not change line integrals). Because
M is non-compact, we find a proper map γ : r0,8rÑ P such that γp0q “ x0 and in a local chart all
derivatives vanish in 0 (see [22, Lemma IV. 5] and composition with x ÞÑ x3). For i P t0, 1u we define
the smooth map
αRi : RÑ P , t ÞÑ
$’&’%
γp´tq : t ă 0
αiptq : t P r0, 1s
γpt´ 1q : t ą 1.
Moreover, we define the smooth homotopy
F
R
: r0, 1s ˆ RÑ P , ps, tq ÞÑ
$’&’%
γp´tq : t ă 0
F ps, tq : t P r0, 1s
γpt´ 1q : t ą 1.
Hence we have αRi , F
R
ps, ‚q P C8p pR, P q for i P t0, 1u and s P r0, 1s (see Remark 1.31). We define
αi :“ q ˝αi, F :“ q ˝F , α
R
i :“ q ˝ α
R
i , F
R :“ q ˝F
R
, γ :“ q ˝ γ and x0 :“ x0. The curves α0 and α1 are
closed curves in x0 and are homotopic relative t0, 1u by the homotopy F , because αipjq “ qpx0q “ x0
and F pi, ‚q “ q ˝ F pi, ‚q “ q ˝ αi “ αi for j, i P t0, 1u. Moreover
αRi ptq “
$’&’%
γp´tq : t ă 0
αiptq : t P r0, 1s
γpt´ 1q : t ą 1,
FRps, tq “
$’&’%
γp´tq : t ă 0
F ps, tq : t P r0, 1s
γpt´ 1q : t ą 1
and αRi , F
Rps, ‚q P C8p pR,Mq. We choose p0 P π
´1ptx0uq. Now let αˆ
R
i : RÑ P be the unique horizontal
lift of αRi to P with αˆ
R
i p0q “ p0 and Fˆ
R : r0, 1s ˆ R Ñ P be the unique horizontal lift of FR to P
such that FˆRps, 0q “ p0 for all s P r0, 1s. The map Fˆ
R is not a homotopy relative t0, 1u, but we have
FˆRp0, sq “ αˆR0 psq and Fˆ
Rp1, sq “ αˆR1 psq for all s P r0, 1s. For i P t0, 1u we haveż
αi
θ “
ż
αRi
θ “
ż
αˆRi
π˚θ, (8)
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where the last equation follows from Lemma 1.32. Because of (8) and Lemma 1.27 it is enough to show
π2ppαˆ
R
0 q
˚q “ π2ppαˆ
R
1 q
˚q as group homomorphisms from π2pC
8
c pP,GqρG q to π2pC
8
c pR, Gqq. From [22,
Theorem A.7] we get π2pC
8
c pR, Gqq “ π2pCcpR, Gqq. We set I :“ r0, 1s. Let σ : I
2 Ñ C8c pP,GqρG be
continuous with σ|BI2 “ c1G . Because π2ppαˆ
R
i q
˚qprσsq “ rσp‚q ˝ αˆRi s for i P t0, 1u it is enough to show
rσp‚q ˝ αˆR0 s “ rσp‚q ˝ αˆ
R
1 s
in π2pCcpR, Gqq. Hence we have to construct a continuous map H : r0, 1sˆI
2 Ñ CcpR, Gq with Hp0, ‚q “
σp‚q ˝ aˆR0 , Hp1, ‚q “ σp‚q ˝ αˆ
R
1 and Hps, xq “ c1G for all s P r0, 1s and x P BI
2. We define Hps, xq “
σpxq ˝ FˆRps, ‚q for s P r0, 1s and x P I2. Because σ|BI2 “ c1G , it is left to show that H is continuous. Let
K Ď M be compact such that impσq “ σpI2q Ď C8K pP,GqρG (see Lemma 1.33). For f P C
8
K pP,GqρG
we have supppf ˝ αˆRi q Ď α
R
i
´1
pKq as well as supppf ˝ FˆRps, ‚qq Ď FRps, ‚q´1pKq for s P r0, 1s. Hence
supppσpxq ˝ FˆRps, ‚qq Ď FRps, ‚q´1pKq for x P I2 and s P r0, 1s. We have
FR
´1
pKq “ FR|´1r0,1sˆr0,1spKq Y F
R|´1r0,1sˆs´8,0spKq Y F
R|´1r0,1sˆr1,8rpKq
“FR|´1r0,1sˆr0,1spKq Y pr0, 1s ˆ ´γ
´1pKqq Y pr0, 1s ˆ γ´1pKq ` 1q.
Hence FR
´1
pKq Ď r0, 1s ˆ R is compact. Therefore
L :“
ď
sPr0,1s
FRps, ‚q´1pKq “ pr2pF
R´1pKqq Ď R
is compact. We have supppσpxq ˝ FˆRps, ‚qq Ď L for all x P I2 and s P r0, 1s. Thus impHq Ď CLpR, Gq.
Therefore it is enough to show that H : r0, 1s ˆ I2 Ñ CLpR, Gq Ď CpR, Gq, ps, xq ÞÑ σpxq ˝ Fˆ
Rps, ‚q is
continuous. We know that τ : r0, 1s Ñ CpR, P q, s ÞÑ FˆRps, ‚q is continuous and so the assertion follows
from the following commutative diagram
r0, 1s ˆ I2
τˆσ //
H
&&▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
CpR, P q ˆ C8K pP,GqρG
_

CpR, P q ˆ CpP,Gq
pα,fqÞÑf˝α

CpR, Gq.
The following Theorem 1.35 corresponds to the Reduction Theorem [19, Theorem 4.14] (compact
base manifold M) in the case of a finite-dimensional Lie group G and a finite-dimensional principal
bundle P . See also Theorem 1.36.
Theorem 1.35. The period group ΠωM “ im perωM is discrete in Ω
1
cpM,Vq.
Proof. Because q˚ : H1dR,cpM,Vfixq Ñ H
1
dR,cpP, V qρV is an isomorphism of topological vector spaces
and ΠωM Ď H
1
dR,cpM,Vq “ H
1
dR,cpP, V qρV , it is sufficient to show that ΠωM is a discrete sub group of
H1dR,cpM,V q (Lemma 1.28). With Lemma 1.29 and Lemma 1.30 it is enough to show
ΠωM Ď H
1
dR,cpM,ΠRq. (9)
Let β P ΠωM , α P C
8
p pR,Mq and rσs P π2pC
8
c pP,GqρG q with β “ perωM prσsq. Using Lemma 1.28 and
Lemma 1.27 we getż
R
α˚q˚β “
ż
R
αˆ˚β “ Iα ˝ perωM prσsq “ perωR ˝π2pαˆ
˚qprσsq P ΠωR .
Hence we get (9).
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Theorem 1.36. If the structure group H and the Lie group G are not finite-dimensional but locally
exponential Lie groups that are modelled over locally convex spaces and ω : g2 Ñ V is not necessarily the
universal continuous invariant bilinear form but just a continuous invariant bilinear form with values
in a Fre´chet space then Πω is discrete if ΠωR is discrete in V . We emphasise that the base manifold
M still has to be σ-compact and finite-dimensional and H still has to be finite, but we do not need to
assume π2pGq to be trivial.
Proof. The only point where it was necessary to assume G to be finite-dimensional and ω to be universal
was in Lemma 1.30.
2. Integration of the Lie algebra action and the main
result
In the case of a compact base manifold ([19, Section 4.2 (Part about general Lie algebra bundles)])
Neeb and Wockel integrated the adjoined action of ΓpGq on zΓpGq :“ Ω1pM,Vq ˆω ΓpGq given by
ΓpGq ˆzΓpGq Ñ zΓpGq, pη, prαs, γqq ÞÑ rη, prαs, γqsω “ pωpη, γq, rη, γsq
to a Lie group action of ΓpGq on zΓpGq. As a first step in their proof, Neeb and Wockel integrated the
covariant derivative dG : ΓpGq Ñ Ω
1pM,Gq to a smooth map from ΓpGq to Ω1pM,Gq. As the absolute
derivative is the sum of d : C8pP, gqρg Ñ Ω
1pP, gq and C8pP, gqρg Ñ Ω
1pP, gq, f ÞÑ ρ˚pZq ^ f ,
where Z : TP Ñ LpHq “: h is the connection form, ρ˚ “ Lpρgq : h Ñ derpgq and pρ˚pZq ^ fqppvq “
ρ˚pZpvqq.fppq, they integrated these summands separately. The image of the exterior derivative dose not
lie in Ω1pM, gqhorg , but in the space Ω
1pM, gqg and in some sense the summand f ÞÑ ρ˚pZq^f annihilates
the vertical parts of df . The exterior derivative d : C8pP, gqρg Ñ Ω
1pM, gqg integrates to the left
logarithmic derivative δ : C8pP,GqρG Ñ Ω
1pM, gqg, ϕ ÞÑ δpϕq with δpϕqppvq “ Tλϕppq´1 ˝ Tϕpvq ([19]).
The integration of the second summand is more complicated, and Neeb and Wockel assumed the Lie
group G to be 1-connected (in the special case of the gauge group they did not need this assumption (see
[19, Theorem4.21])). In the second step they used an exponential law to obtain the integrated action.
Because our base manifold is not compact the adjoined action of ΓcpGq on{ΓcpGq :“ Ω1cpM,VqˆωMΓcpGq
given by
ΓcpGq ˆ{ΓcpGq Ñ {ΓcpGq, pη, prαs, γqq ÞÑ pωM pη, γq, rη, γsq.
With the canonical identifications (see Remark 1.16) the adjoint action is given by
C8c pP, gqρg ˆ pΩ
1
cpP, V q
hor
ρV
ˆωM C
8
c pP, gqρgq Ñ Ω
1
cpP, V q
hor
ρV
ˆωM C
8
c pP, gqρg
pg, prαs, fqq ÞÑ prκgpg,Dρgpfqqs, adpg, fqq. (10)
We have to integrate this action to a Lie group action of pΓcpGqq0 on {ΓcpGq.6 Like Neeb and Wockel
we have to integrate the covariant derivative dG : ΓcpGq Ñ Ω
1
cpM,Gq to a smooth map from ΓcpGq to
Ω1cpM,Gq. But we will not describe the absolute derivative via the connection form Z as the sum of
the exterior derivative d and the map f ÞÑ ρ˚pZq ^ f . Instead we use the principal connection HP
and write Dρg “ pr
˚
h ˝d, where prh is the projection onto the horizontal bundle and ppr
˚
h ˝dqpfqpvq “
dfpprhpvqq. In Theorem 2.15 we will show that the map ∆ :“ pr
˚
h ˝δ : C
8
c pP,Gq Ñ Ω
1
cpP, gq
hor
ρg
is
smooth and its derivative in 1 is given by the absolute derivative Dρg . One could show the smoothness
of δ : C8c pP,GqρG Ñ Ω
1
cpP, gqg and pr
˚
h : Ω
1
cpP, gqg Ñ Ω
1
cpP, gq
hor
g separately, but it is more convenient
to show the smoothness of ∆ directly, because we work in the non-compact case and Ω1cpP, gq
hor
ρg
is an
inductive limit (compare Lemma 2.11).
6In an earlier version of this paper, we presented a more complicated argumentation for this result.
Also our proof required the group G to be semisimple. In this version of the paper we do not assume
G to be semisimple.
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Remark 2.1. In [19, Chapter 4.2 page 408] Neeb and Wockel define χZpfqv :“ χpZpvq, pfppqq for
f P ΓG “ C8pP,GqρG , v P TpP , Z the connection form of P and a smooth map χ : h ˆG Ñ g that is
linear in the first argument. If the connection on P is not trivial, then TP Ñ g, v ÞÑ χpZpvq, pfppqqq
is not in Ω1pM,Gq “ Ω1pP, gqhorρg , because it is not horizontal except it is constant 0. Although the
image of the map δ∇pfq “ δpfq ` χZpf´1q lies in Ω1pP, gqhorρg , because the image of its derivative in 1
lies in Ω1pP, gqhorρg and δ
∇ is a 1-cocycle with respect to the adjoint action of C8pP,GqρG on Ω
1pP, gqρg
and Ω1pP, gqhorρg is invariant under this action. Although this consideration is not important for our
argumentation, because we use a different description of the absolute derivative, as mentioned above.
Lemma 2.2. Let V be a locally convex space and G a locally convex Lie group. Moreover let µ : GˆV Ñ
V be a map that is continuous linear in the second argument. Let f : G Ñ V be a map that is smooth
on an 1-neighbourhood. If fphgq “ fpgq ` µpg´1, fphqq for g, h P G then f is smooth.
Proof. Let U Ď G be a 1-neighbourhood such that f |U is smooth and g P G. Then Ug is a g-
neighbourhood and given z P Ug we define h :“ zg´1 P U . Hence z “ hg. Now we calculate
fpzq “ fphgq “ fpgq ` µpg´1, fphqq “ fpgq ` µpg´1, fpzg´1qq
“fpgq ` µpg´1, f |U ˝ ̺g´1pzqq.
Hence
f |gU “ fpgq ` µpg
´1, ‚q ˝ f |U ˝ ̺g´1 |gU .
Lemma 2.3. We considering the map
µ : C8c pP,GqρG ˆ Ω
1
cpP, gq Ñ Ω
1
cpP, gq, pϕ, θq Ñ Ad
G
ϕ .θ
with AdGϕ .θ : TP Ñ g, v ÞÑ Ad
G
ϕppipvqq .θpvq and the canonical projection π : TP Ñ P . The sub space
Ω1pP, gqhorρg is µ-invariant. In this context Ad
G means the adjoint action of G on g.
Proof. Given θ P Ω1cpP, gqρg and ϕ P C
8
c pP,GqρG we show µpϕ, θq P Ω
1
cpP, gqρg . Let h P H , p P P and
v P TpP . We calculate
pR˚hµpϕ, θqqppvq “ Ad
Gpϕpphq, θphpTRhpvqqq “ Ad
GpρGph
´1q.ϕppq, ρgph
´1q.θppvqq
“TλρGph´1q.ϕppq ˝ T̺ρGph´1q.ϕppq´1 ˝ T1ρGph
´1qpθppvqq
“T1pρGph
´1qpϕppqq ¨ ρGph
´1qp‚q ¨ ρGph
´1qpϕppq´1qqpθppvqq
“T1pρGph
´1q ˝ Iϕppqqpθppvqq “ ρgph
´1q ˝AdGϕppqpθppvqq,
where Iϕppqpgq “ ϕppqgϕppq
´1 is the conjugation on G. Obviously µpϕ, θq is horizontal if θ is so.
Definition 2.4. We define the map
AdG˚ : C
8
c pP,Gq
hor
ρG
ˆ Ω1cpP, gq
hor
ρg
Ñ Ω1cpP, gq
hor
ρg
, pϕ, θq Ñ AdGϕ .θ
with AdGϕ .θ : TP Ñ g, v ÞÑ Ad
G
ϕ˝pipvq .θpvq and π : TP Ñ P the canonical projection.
Lemma 2.5. The map AdG˚ : C
8
c pP,GqρGˆΩ
1
cpP, gq
hor
ρg
Ñ Ω1cpP, gq
hor
ρg
is continuous linear in the second
argument.
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Proof. Let ϕ P C8c pP,GqρG and K ĎM be compact. It is enough to show that
AdG˚ pϕ, ‚q : Ω
1
KpP, gqρg Ñ Ω
1
KpP, gqρg
is continuous, because AdG˚ pϕ, ‚q is linear and Ad
G
˚ pϕ, ‚qpΩ
1
KpP, gqρg q Ď Ω
1
KpP, gqρg . The map
f : TP ˆ gÑ g, pv, wq ÞÑ AdGpϕ ˝ πpvq, wq is smooth. From [5, Lemma 4.3.2] we know that
f˚ : C
8pTP, gq Ñ C8pTP, gq, θ ÞÑ f ˝ pid, θq
is continuous. We can embed Ω1KpP, gq into C
8pTP, gq. Hence we are done.
Definition 2.6. Let π : TP Ñ P be the canonical projection and prh : TP Ñ HP the projection onto
the horizontal bundle.
(a) We define
δ : C8c pP,GqρG Ñ Ω
1pP, gq, ϕ ÞÑ δpϕq
with δϕpvq “ Tλϕppipvqq´1 ˝ Tϕpvq for v P TP (cf. [15, 38.1]).
(b) We define
pr˚h : Ω
1pP, gq Ñ Ω1pP, gqhor, θ ÞÑ θ ˝ prh
The statement (b) in the following lemma is well-known and can be found in [15, 38.1].
Lemma 2.7. (a) We have
δpC8c pP,GqρG q Ď Ω
1
cpP, gqρg
(b) Given f, g P C8c pP,GqρG we have
δpf ¨ gq “ δpgq `AdG˚ pg
´1, δpfqq
Proof. (a) Let ϕ P C8c pP,GqρG , h P H , p P P and w P TpP . We calculate
pR˚hδpϕqqppwq “ δpϕqphpTRhpwqq “ Tλϕpphq´1pTϕpTRhpwqqq
“T pλϕpphq´1 ˝ ϕ ˝Rhqpwq “: :
For x P P we have
λϕpphq´1 ˝ ϕ ˝Rhpxq “ pρGph
´1q.ϕppqq´1 ¨ pρGph
´1q.ϕpxqq
“ρGph
´1q.pϕppq´1 ¨ ϕpxqq “ ρGph
´1q ˝ λϕppq´1 ˝ ϕpxq
We conclude
: “ ρgph
´1q ˝ Tλϕppq´1 ˝ Tϕpwq “ ρgph
´1q ˝ δpϕqppwq.
(b) The assertion follows directly from [15, 38.1].
Definition 2.8. Let prh : TP “ V P ‘HP Ñ HP , be the projection onto the horizontal bundle HP .
We define
∆: C8c pP,GqρG Ñ Ω
1pP, gqhorρg , ϕ ÞÑ pr
˚
h ˝δpϕq “ δpϕq ˝ prh .
As in [24] we use the concept of weak products of infinite-dimensional Lie groups described in [6,
Section 7] respectively [8, Section 4] in the following considerations. The following lemma is basically
[24, Corrolary 2.38], but with modified assumptions.
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Lemma 2.9. For i P N let Gi be a locally convex Lie group, Ei a locally convex space and fi : Gi Ñ Ei be
a smooth map such that fip1q “ 0. In this situation there exists an open 1-neighbourhood U Ď
ś˚
iPNGi
such that the map f :
ś˚
iPNGi Ñ
À
iPNEi, pgiqi ÞÑ pfipgiqqi is smooth on U .
Proof. Given i P N let ϕi : Ui Ď Gi Ñ Vi Ď gi be a chart around 1 with ϕip1q “ 0. We have the
commutative diagram
ś˚
iPN Ui
f |ś˚
iPN
Ui
“pfi|Ui qiPN
//
pϕiqiPN

À
iPN Ei
À
iPN Vi.
pfi˝ϕ
´1
i qiPN
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Now the assertion follows form [6, Proposition 7.1].
Remark 2.10. Given a compact locally finite trivializing system pVi, σiqiPN of the principal bundle H ãÑ
P
q
ÝÑ M in the sense of [24, Definition 3.6] respectively [28]. We follow [24, Remark 3.5] respectively
[28] and define as usually the smooth map βσi : q
´1pV iq Ñ H by the equation σipqppqq ¨ βσippq “ p for
all p P q´1pV iq. Obviously we have βσipphq “ βσippq ¨ h for all h P H. Moreover we define the smooth
cocycle βi,j : V i X V j Ñ H by the equation σipxq ¨ βi,jpxq “ σjpxq. We have βi,jpxq
´1 “ βj,ipxq and
βσippq
´1 ¨ βi,jpqppqq “ βσj ppq
´1 for p P q´1pV i X V jq.
The proof of the following lemma is similar to the proof of [24, Proposition 4.6], where beside
other results Schu¨tt, constructed a topological embedding from the compactly supported gauge algebra
gaucpP, gqg into a direct sum
À
iPN C
8pV i, gq of locally convex spaces. However the following lemma
differers from [24, Proposition 4.6], because we deal with horizontal differential forms and these need
some extra considerations.
Lemma 2.11. Let pVi, σiqiPN be a compact locally finite trivializing system in the sense of [24, Definition
3.6]. The map
Ω1cpP, gq
hor
ρg
Ñ
à
iPN
Ω1pV i, gq, θ ÞÑ pσ
˚
i θqiPN
is a topological embedding.
Proof. We define
Ω‘ :“
#
pηiqi P
à
iPN
Ω1pV i, gq : pηiqx “ ρgpβi,jpxqq ˝ pηjqx for x P V i X V j
+
and the map
Φ: Ω1cpP, gq
hor
ρg
Ñ
à
iPN
Ω1pV i, gq, θ ÞÑ pσ
˚
i θqiPN.
Lets show impΦq Ď Ω‘. For x P V i X V j , v P TxM we have σjpxq “ σipxqβi,jpxq and
TqpTσjpvq ´ T pRβi,jpxq ˝ σiqpvqq “ T pq ˝ σjqpvq ´ T pq ˝Rβi,jpxq ˝ σiqpvq “ 0. (11)
Because θ is ρg invariant and horizontal we can calculate
pσ˚i θqxpvq “ θσipxqpTσipvqq “ ρgpβi,jpxqq ˝ θσipxqβi,jpxqpTRβi,jpxqpTσipvqqq
“
p11q
ρgpβi,jpxqq ˝ θσjpxqpTσjpvqq “ ρgpβi,jpxqq ˝ σ
˚
j θxpvq.
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Analogous to [24, Proposition 4.6] we can argue as followed: The map Φ is linear, Ω1cpP, gq
hor
ρg
“
limÝÑΩ
1
KpP, gq
hor
ρg
and pV iqi is locally finite, hence the map Φ is continuous. Now let pλiqiPN be a partition
of the unity of M that is subordinated to the cover pViqi. Given η P Ω
1pV i, gq we defineĄλiη P Ω1pP, gq
by
Ąλiηppwq :“
#
λipqppqq ¨ ρgpβσippq
´1q.ηqppqpTqpwqq : p P q
´1pViq
0 : else.
With Remark 2.10 we getĄλiη P Ω1supppλiqpP, gqhorρg andřiPN Ąλiηi P Ω1cpP, gqhorρg for pηiqi PÀiPN Ω1pV i, gq.
The map Ψ:
À
iPN Ω
1pV i, gq Ñ Ω
1
cpP, gq
hor
ρg
, pηiqi ÞÑ
ř
iPN
˜λiηi is continuous, because it is linear and
the inclusions Ω1
supppλiq
pP, gqhorρg ãÑ Ω
1
cpP, gq
hor
ρg
are continuous. Let pηiqi P Ω‘. As in [24, Proposition
4.6] we get
Ψppηiqiqppwq “ ρgpβσi0 ppq
´1q.pηi0 qqppqpTqpwqq
if p P q´1pVi0 q and w P TpP . In abuse of notation we write Φ :“ Φ|
Ω‘ and Ψ :“ Ψ|Ω‘ . One easely sees
Φ ˝Ψ “ idΩ‘ . It is left to show Ψ ˝Φ “ idΩ1cpP,gqhorρg
. Let θ P Ω1cpP, gq
hor
ρg
, p P P , w P TpP and i P N with
p P q´1pViq. We calculate
Tqpw ´ TRβσippqTσiTqpwqq “ Tqpwq ´ T pq ˝Rβσi ppq ˝ σiqpTqpwqq “ 0. (12)
Now we get
Ψ ˝ Φpθqppwq “ ρgpβσippq
´1q.pσ˚i θqqppqpTqpwqq
“ρgpβσippq
´1q.θσipqppqqpTσiTqpwqq
“ρgpβσippq
´1q.ρgpβσippqqθσipqppqqβσi ppqpTRβσippqTσiTqpwqq
“
12
θσipqppqqβσi ppqpwq “ θppwq.
Remark 2.12. Let M be a m-dimensional manifold, D Ď TM a d-dimensional subbundle, p0 P M
and w0 P Dp0 . Then there exists a smooth curve γ : r´1, 1s Ñ M such that γp0q “ p0, γ
1p0q “ w0 and
γ1ptq P Dγptq for all t P r´1, 1s. In fact let ψ : TU Ñ UˆR
m be a trivialisation with ψpDq “ UˆRdˆt0u,
v0 :“ pr2 ˝ψpw0q P R
d ˆ t0u. Then X : U Ñ TU , x ÞÑ ψ´1px, v0q is a smooth vector field of U and
impXq Ď D. Let γ˜ : r´ε, εs Ñ U be the integral curve of X with γ˜p0q “ p0. Then γ˜
1p0q “ Xpp0q “ w0
and obviously γ1ptq P Dγptq for all t. Now let ϕ : r´1, 1s Ñ r´ε, εs be a diffeomorphism with ϕp0q “ 0
and ϕ1p0q “ 1. Then γ :“ γ˜ ˝ ϕ is as needed.
Lemma 2.13. The pullbacks γ˚ : Ω1pP, gqhor Ñ C8pr´1, 1s, gq, θ ÞÑ γ˚θ along horizontal maps
γ : r´1, 1s Ñ P (γ1ptq P HγptqP ) separate the points in Ω
1pP, gqhor.
Proof. Let θ P Ω1pP, gqhor and γ˚θ “ 0 for all horizontal curves γ : r´1, 1s Ñ P . Let p P P and w P TpP .
We show θppwq “ 0. Because θ is horizontal we can assume w P HpP . We use Remark 2.12 and find a
horizontal curve γ : r´1, 1s Ñ P with γ1p0q “ w. Hence θppwq “ θppγ
1p0qq “ γ˚θp0q “ 0.
One can easily deduce the following easy observation in Remark 2.14 from [28, Theorem 1.11], but
in the special case of a current group on a compact interval the argumentation from [28, Theorem 1.11]
becomes much easier.
Remark 2.14. Let pUiqi“1,...,n be an open cover of the space r´1, 1s such that the sets U i are sub-
manifolds with boundary and G be a finite-dimensional Lie group. Then the map Φ: C8pr´1, 1s, Gq Ñ
22
śn
i“1 C
8pU i, Gq, φ ÞÑ pφ|U iqi is an injective Lie group morphism thats image is a sub Lie group
of
śn
i“1 C
8pU i, Gq and Φ|
impΦq is an isomorphism of Lie groups. We define Ψ: C8pr´1, 1s, gq Ñśn
i“1 C
8pU i, gq, f ÞÑ pf |Uiqi. Let exp: Vg Ď g Ñ UG Ď G be the exponential function of G restricted
to a 0-neighbourhood such that it is a diffeomorphism. We define the open sets U :“ C8pr´1, 1s, UGq Ď
C8pr´1, 1s, Gq and V :“ C8pr´1, 1s, Vgq Ď C
8pr´1, 1s, gq. Let τ1 : C
8pr´1, 1s, UGq Ñ C
8pr´1, 1s, Vgq,
ϕ ÞÑ pexp |UGVg q
´1 ˝ ϕ and τ2 :
śn
i“1 C
8pU i, UGq Ñ
śn
i“1 C
8pU i, Vgq, pϕiqi ÞÑ ppexp |
UG
Vg
q´1 ˝ ϕiqi be the
canonical charts. We obtain the commutative diagram
C8pr´1, 1s, UGq
Φ|U //
τ1

śn
i“1 C
8pU i, UGq
τ2

C8pr´1, 1s, Vgq
Ψ|V // śn
i“1 C
8pU i, Vgq
and calculate
τ2
˜
impΦq X
nź
i“1
C8pU i, UGq
¸
“ τ2 pΦpC
8pr´1, 1s, UGqqq
“ΨpC8pr´1, 1s, Vgqq “ impΨq X
nź
i“1
C8pU i, Vgq
The space
impΨq “
 
pfiqi : fipxq “ fjpxq for x P U i X U j
(
is closed in
śn
i“1 C
8pU i, gq. Hence impΦq is a sub Lie group of
śn
i“1 C
8pU i, Gq. In the commutative
diagram
C8pr´1, 1s, UGq
Φ|U //
τ1

impΦq X
śn
i“1 C
8pU i, UGq
τ2

C8pr´1, 1s, Vgq
Ψ|V // impΨq X
śn
i“1 C
8pU i, Vgq
the lower vertical arrow is a diffeomorphism because Ψ: C8pr´1, 1s, gq Ñ impΨq is a continuous bijective
linear map between Fre´chet spaces. Now the assertion follows.
The following theorem is a generalisation of [22, Proposition V.7] in the case of a finite-dimensional
codomain.
Theorem 2.15. (a) The map ∆: C8c pP,GqρG Ñ Ω
1
cpP, gq
hor
ρg
is smooth.
(b) For the smooth map ∆: C8c pP,GqρG Ñ Ω
1
cpP, gq
hor
ρg
we have d1∆pfq “ Dρgf .
7
7To show this equation we use Lemma 2.13. If H is infinite-dimensional, then we can not apply
Lemma 2.13. Instead on can show that δ : C8c pP,GqρG Ñ Ω
1
cpP, gq is smooth and d1δpfq “ df
(with an argument similar to the argumentation in this proof, because pullbacks by smooth maps
(not nessesary horizontal) speperate the points in Ω1cpP, gq). Obviously pr
˚
h is linear. Because
∆: C8c pP,GqρG Ñ Ω
1
cpP, gq
hor
ρg
is smooth also ∆ “ pr˚ ˝δ : C8c pP,GqρG Ñ Ω
1
cpP, gq
hor is smooth.
Now one sees that for this corser topology we have d1∆pfq “ pr
˚
hpdfq. Then also the derivative
with respect to the finer topology on the domain (Ω1cpP, gq
hor
ρg
) has to be given by this equation.
We remaind the reader that the topology on Ω1cpP, gq
hor
ρg
is not the induced topology by Ω1cpP, gq,
but the inductive limit toplogy. Where the inductive limit topology on Ω1cpP, gq
hor and the induced
topology realy coincide.
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Proof. (a) Because of Lemma 2.2, Lemma 2.5 and Lemma 2.7 it is enough to show the smoothness
of ∆ on a 1-neighbourhood. Let pσi, V iqiPN be a locally finite compact trivialising system in the
sense of [24, Definition 3.6.] (the existence follows from [24, Corollary 3.10]). With the help of
Lemma 2.9 and Lemma 2.11 it is enough to construct smooth maps ψi : C
8pV i, Gq Ñ Ω
1pV i, gq
such that the diagram
C8c pP,GqρG
ϕ ÞÑpϕ˝σiqi

∆ // Ω1cpP, gq
hor
ρg
θ ÞÑpσ˚i θqi
ś˚
iPN C
8pV i, Gq
ψi //À
iPN Ω
1pV i, gq
commutes. Let τi : q
´1pViq Ñ Vi ˆH , p ÞÑ pqppq, ϕippqq be the inverse to px, hq ÞÑ σipxqh. Then
σipxq “ τipx, 1q. For f P C
8pV i, Gq we define
f˜ : q´1pViq Ñ G, p ÞÑ ρGpϕippq, fpqppqqq.
If f P C8c pP,GqρG , then
Čf ˝ σi “ f |q´1pViq. We define ψi : C8pV i, Gq Ñ Ω1pV i, gq by
ψipfqxpvq “ Tλfpxq´1T f˜pprhpTxσipvqqq.
At first we show that the above diagram commutes. We calculate
ψipf ˝ σiqxpvq “ Tλpfi˝σpxqq´1Tfpprh ˝Txσipvqq “ σ
˚
i pδpfq ˝ prhqxpvq.
It is left to show the smoothness of ψi. Because we can embed Ω
1pV i, gq into C
8pTV i, gq, we
show that
C8pV i, Gq ˆ pTViq Ñ g, pf, vq ÞÑ Tλfpxq´1T f˜pprhpTxσipvqqq
is smooth. Let m : G ˆ G Ñ G be the multiplication on G and n : G Ñ TG, g ÞÑ 0g the zero
section. Given f P C8pV i, Gq and v P TxV i we calculate
ψipfqpvq “ Tmpnpfpπpvqq
´1qq, T f˜pprh Tσipvqqq.
The map ev : C8pV i, Gq ˆ V i Ñ G, f, x ÞÑ fpxq is smooth (see [1, Lemma 121]). Therefore
it is left to show the smoothness of C8pV i, Gq ˆ Tq
´1pTViq Ñ TG, pf, vq ÞÑ T f˜pvq The map
evq : C8pV i, Gq ˆ q
´1pViq Ñ G, pf, pq ÞÑ f ˝ qppq is smooth, because ev is smooth. We have
T pf ˝ qqpvqq “ T evqpf, ‚qpvq “ T evqpnpfq, vq, where n is the zero section of C8pV i, Gq. Hence
T evq ˝pn, idq : C8pV ,Gq ˆ Tq´1pTV q Ñ TG, pf, vq ÞÑ Tf ˝ Tqpvq
is smooth. With T f˜ “ TρG ˝ pTϕi, T f ˝ Tqq the assertion follows from the smoothness of
T evq ˝pn, idq.
(b) We write δl : C8pr´1, 1s, Gq Ñ C8pr´1, 1s, gq for the classical left logarithmic derivative. It is
known that dc1δ
lpfq “ f 1 for f P Cpr´1, 1s, gq ([11, Lemma 2.4]). Given a horizontal curve
γ : r´1, 1s Ñ P we define the maps
γ˚G : C
8
c pP,GqρG Ñ C
8pr´1, 1s, Gq, ϕ ÞÑ ϕ ˝ γ
γ˚g : C
8
c pP, gqρg Ñ C
8pr´1, 1s, gq, f ÞÑ f ˝ γ and
γ˚Ω : Ω
1
cpP, gq
hor
ρg
Ñ C8pr´1, 1s, gq, θ ÞÑ γ˚θ.
Like in Lemma 1.22 one shows that γ˚G is a smooth Lie group homomorphism with Lpγ
˚
Gq “ γ
˚
g
(see Remark 2.14). The diagram
C8c pP,GqρG
∆ //
γ˚
G

Ω1cpP, gq
hor
ρg
γ˚
Ω

C8pr´1, 1s, Gq
δl // C8pr´1, 1s, gq
(13)
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commutes, because
pγ˚Ω∆pfqqptq “ δpfqpprhpγ
1ptqqq “ δpfqpγ1ptqq “ Tλf˝γptq´1 ˝ Tfpγ
1ptqq
“δlpf ˝ γq.
Let f P C8c pP, gqρg . We want to show d1∆pfq “ Dρgf . Because of Lemma 2.13 it is enough to
show γ˚Ωpd1∆pfqq “ γ
˚
ΩpDρgfq for an arbitrary horizontal curve γ : r´1, 1s Ñ P . Because γ
˚
Ω is
continuous linear and the diagram (13) commutes we can calculate
γ˚Ωpd1∆pfqq “ d1pγ
˚
Ω ˝∆qpfq “ d1pδ
l ˝ γ˚Gqpfq “ d1pδ
lqpLpγ˚Gqpfqq “ pf ˝ γq
1.
Now we use that γ is horizontal and obtain
γ˚ΩpDρgfqt “ Dρgfpγ
1ptqq “ dfpγ1ptqq “ γ˚Ωpd1∆pfqqt
for t P r´1, 1s.
The proof of the following Lemma 2.16 is analogous to the first part of [17, Proposition III.3].
Lemma 2.16. In the following we write Ad for the adjoined action of C8c pP,GqρG on C
8
c pP, gqρg . The
map
A : C8c pP,GqρG ˆ pΩ
1
cpP, V q
hor
ρV
ˆωM C
8
c pP, gqρg q Ñ Ω
1
cpP, V q
hor
ρV
ˆωM C
8
c pP, gqρg
pϕ, prαs, fqq ÞÑ prαs ´ rκgp∆pϕq, fqs,Adpϕ, fqq.
is a smooth group action and its associated Lie algebra action is given by the adoined action described
in (2). Hence, the adjoint action of ΓcpM,Gq on the extension {ΓcpM,Gq :“ Ω1cpM,Vq ˆωM ΓcpM,Gq
represented by ωM integrates to a Lie group action of ΓcpM,Gq on {ΓcpM,Gq.
Proof. The smoothness of A follows from the smoothness of ∆. We show that A is a group action. For
ϕ, ψ P C8c pP,GqρG we have
∆pϕψq “ ∆pψq `AdG˚ pψ
´1,∆pϕqq.
And for v, w P g and g P G we have
κgpv,Ad
G
g wq “ κgpAd
G
g´1 v, wq. (14)
In this context AdG is the adjoint action of G on g. Now we calculate for α P Ω1cpP, V q
hor
ρV
Apϕ ¨ ψ, prαs, fqq “ prαs ´ rκgp∆pϕψq, fqs,Adϕψ fq
“prαs ´ rκgp∆ψ, fqs ´ rκgpAd
G
˚ pψ
´1,∆pϕqq, fqs,Adϕ .Adψ .fq
“
p14q
prαs ´ rκgp∆ψ, fqs ´ rκgp∆pϕq,Ad
G
˚ pψfqqs,Adϕ .Adψ .fq
“Apϕ, prαs ´ rκgp∆ψ, fqs,Adψ fqq
“Apϕ, pApψ, prαs, fqqq.
The associated action to A by C8c pP, gqρg is given by the adoined action described in (2), because
p´rκgpDρgpgq, fqs, adpg, fqq “ prκgpg,Dρgpfqs, adpg, fqq for f, g P C
8
c pP, gqρg .
Theorem 2.17. If H is finite, then we find a Lie group extension
Ω
1
cpM,Vq{ΠωM ãÑ
{ΓcpM,Gq0 Ñ ΓcpM,Gq0
that corresponds to the central Lie algebra extension that is represented by ωM .
Proof. We simply need to put Theorem 1.35, Theorem 2.16, [20, Proposition 7.6] and [20, Theorem
7.12] together (the last two statements were recalled in the introduction to this theses).
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3. Universality of the Lie group extension
In this section we want to proof [14, Theorem I.2.] in the case where M is not compact but σ-compact
(like in [14, Theorem I.2.] M still has to be connected). In the first part of [14] Janssens and Wockel
showed that the cocycle ωM : ΓcpM,Gq
2 Ñ Ω
1
cpM,Vq (see [14, p. 129 (1.1)] and Remark 1.18) is
universal if g is semisimple and M is a σ-compact manifold. In the second part of the paper they
assumed the base manifold M to be compact and got a universal cocycle ΓpM,Gq2 Ñ Ω
1
pM,Vq. Then
they show, that under certain conditions a given Lie group bundle G ãÑ G ÑM with finite-dimensional
Lie group G is associated to the principal frame bundle AutpGq ãÑ FrpGq ÑM . Hence they were able
to use [19, Theorem 4.24] to integrate the universal Lie algebra cocycle ΓpM,Gq2 Ñ Ω
1
pM,Vq to a
Lie group cocycle Z ãÑ {ΓpM,Gq0 Ñ ΓpM,Gq0. At this point it was crucial that M was compact and
connected in order to apply [19, Theorem 4.24]. Once the Lie group extension was constructed, Janssens
and Wockel proved its universality by using the Recognition Theorem from [21] (see [14, Theorem I.2.]).
To generalise [14, Theorem I.2.] to the case whereM is connected and not compact, much of the proofs
of [14] can be transfered to case of a non-compact base manifold by using Theorem 2.17 instead of [19,
Theorem 4.24]. But our proof is shorter, because we can use our Theorem 2.17 that holds for section
groups and not just for gauges group, while [19, Theorem 4.24] holds only for gauge groups. Hence we
do not have to reduce the statement to the case of gauge groups, like it was done in [14]. We mention
that in this section we assume the typical fiber G of the Lie group bundle to be connected, while in [14]
Janssens and Wockel assume π0pGq to be finitely generated
Convention 3.1. In this section G is a connected semisimple finite-dimensional Lie group. Like in the
rest of the paper, M still is a connected, non-compact, σ-compact finite-dimensional manifold.
Analogously to [14, p. 130] we consider the following setting8:
Definition 3.2 (Cf. p. 130 in [14]). Let G be a connected finite-dimensional semisimple Lie group
with Lie algebra g and G ãÑ G
q
ÝÑM be a Lie group bundle. Like in [13, 11.3.1] we turn AutpGq into a
finite-dimensional Lie group. In particular AutpGq becomes a Lie group such that L : AutpGq Ñ Autpgq
is an isomorphism onto a closed subgroup ([13, Lemma 11.3.3]) and AutpGq acts smooth on G.
Lemma 3.3. The Lie group bundle G ãÑ G
q
ÝÑ M is isomorphic to the associated Lie group bundle
of the frame principal bundle AutpGq ãÑ FrpGq Ñ M (cf. [14, p. 130]). Obviously all manifolds are
σ-compact, because M is σ-compact and AutpGq is homeomorph to an closed subgroup of Autpgq.
Definition 3.4. We define V “ V pgq. In the situation considered in this subsection the map
ρV : AutpGq ˆ V Ñ V, pϕ, κgpv, wqq ÞÑ κgpLpϕqpvq, Lpϕqpwqq is the smooth automorphic action ρV
described in Convention 1.1.
Lemma 3.5 (Cf. p. 130 in [14]). The identity component of AutpGq acts trivially on by the represen-
tation ρV : AutpGq ˆ V Ñ V, pϕ, κgpv, wqq ÞÑ κgpLpϕqpvq, Lpϕqpwqq.
Proof. Obviously it is enough to show that pAutpgqq0 acts trivially by ρ : Autpgq ˆ V Ñ
V, pϕ, κgpx, yqq ÞÑ κgpϕpxq, ϕpyqq. For ρˇ : Autpgq Ñ GLpV q, ϕ ÞÑ ρpϕ, ‚q, x, y P g and f P derpgq
we have Lpρˇqpfqpκgpx, yqq “ didρp‚, κgpx, yqqpfq. Defining evx : Autpgq Ñ g, ϕÑ ϕpxq for x P g we get
ρp‚, κgpx, yqq “ κg ˝ pevx, evyq.
We have did evxpfq “
B
Bt |t“0 expptfqpxq “ fpxq. Hence
didρp‚, κgpx, yqqpfq “ κgpevxpidq, did evypfqq ` κgpdid evxpfq, evypidqq
“κgpx, fpyqq ` κgpfpxq, yq.
8In [14] the Lie group G is not assumed to be connected. Instead Janssens and Wockel assume π0pGq
to be finite generated.
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Because g is semisimple, derpgq “ innpgq. For z P g we calculate
Lpρˇqpadzqpκgpx, yqq “ κgpx, ry, zsq ` κgprx, zs, yq “ κgpx, ry, zsq ` κgpx, rz, ysq “ 0.
Hence ρˇ|Autpgq0 “ idV .
Analogously to [14, p. 130], we need the following requirement:
Convention 3.6. In the following we assume AutpGq :“ AutpGq{ kerpρV q to be finite.
Definition 3.7. Combining Convention 3.6, Lemma 3.5 and Theorem 2.17 we find a Lie group extension
Ω
1
cpM,Vq{ΠωM ãÑ
{ΓcpM,Gq0 Ñ ΓcpM,Gq0
that corresponds to the central Lie algebra extension that is represented by ωM . We write Z :“
Ω
1
cpM,Vq{ΠωM . If π :
ČΓcpM,Gq0 Ñ ΓcpM,Gq0 is the universal covering homomorphism and Z ãÑ H ÑČΓcpM,Gq0 the pullback extension then [20, Remark 7.14.] tells us that we get a central extension of Lie
groups
E :“ Z ˆ π1pΓcpM,Gq0q ãÑ H Ñ ΓcpM,Gq0.
Its corresponding Lie algebra extension is represented by ωM .
The following theorem is the analogous statement to [14, Theorem I.2.] in the case of a non-compact
base-manifold and connected typical fibre.
Theorem 3.8. The central Lie group extension Z ˆ π1pΓcpM,Gq0q ãÑ H Ñ ΓcpM,Gq0 is universal for
all abelian Lie groups modelled over locally convex spaces.
Proof. The statement [21, Theorem 4.13] and the analogous statement [14, Theorem III.1] are for-
mulated for sequentially complete respectively Mackey complete spaces. But the completeness is only
assumed to guaranty the existence of the period map perω and the existence of period maps of the
form perγ˝ω for continuous linear maps γ : z Ñ a. Obviously the period maps perγ˝ω exist if the period
map perω exists. Hence with Remark 1.14 we do not need to assume the completeness of the spaces.
Therefore it is left to show that H is simply connected. Using [20, Remark 5.12] we have the long exact
homotopy sequence
π2pΓcpM,Gq0q
δ2ÝÑ π1pZ ˆ π1pΓcpM,Gq0qq
i
ÝÑ π1pHq
p
ÝÑ π1pΓcpM,Gq0q
δ1ÝÑ π0pZ ˆ π1pΓcpM,Gq0qq.
We show i “ 0: Calculating
π1pZ ˆ π1pΓcpM,Gq0qq “ π1pΩ
1
cpM,Vq{ΠωM q “ ΠωM
and using [20, Proposition 5.11] we conclude that δ2 is surjective. Hence i “ 0. From
π0pZ ˆ π1pΓcpM,Gq0qq “ π1pΓcpM,Gq0q,
we get that δ1 is injective. Therefore p “ 0. Thus π1pHq “ 0.
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A. Some differential topology
Lemma A.1. Let H ãÑ P
q
ÝÑ M be a finite-dimensional smooth principal bundle (with σ-compact
total space P ), ρ : H ˆ V Ñ V a finite-dimensional smooth linear representation and V :“ P ˆρ V the
associated vectorbundle.
(a) The canonical isomorphism of vector spaces (see e.g. [2, Satz 3.5]) Φ: ΩkpP, V qhorρ Ñ Ω
kpM,Vq,
ω ÞÑ ω˜ (with ω˜xpv1, . . . , vkq “ ωσpxqpTσpv1q, . . . , T σpvkqq for a local section pσ : U Ñ P of P
q
ÝÑM
and x P U) is in fact an isomorphism of topological vector spaces.
(b) Also the isomorphism of vector spaces Φ: Ωkc pP, V q
hor
ρ Ñ Ω
k
c pM,Vq, ω ÞÑ ω˜ is in an isomorphism
of topological vector spaces.
Proof. (a) We choose an atlas ψi : q
´1pUiq Ñ U ˆ H of trivialisations of P with i P I. Let
σi :“ ψ
´1
i p‚, 1Hq be the canonical section corresponding to ψi. As Ω
kpP, V qhorρ and Ω
kpM,Vq are
Fre´chet spaces it is enough to show the continuity of Φ (Open mapping theorem). The topol-
ogy on ΩkpM,Vq “ ΓpAltkpTM,Vqq is initial with respect to the maps ΓpAltkpTM,Vqq Ñ
ΓpAltkpTUi,V|Uiqq, η ÞÑ η|Ui . Given ω P Ω
kpP, V qhorρ , x P Ui and v P TxUi we have
pω˜|Uiqxpvq “ rσipxq, σ
˚
i ωxpvqs. Because ΓpAlt
kpTUi,V|Uiqq – ΓpAlt
kpTUi, V qq – Ω
kpUi, V q
it is enough to show the continuity of ΩkpP, V qhorρV Ñ Ω
kpUi, V q, ω ÞÑ σ
˚
i ω. The map
C8ppTP qk, V q Ñ C8ppTUiq
k, V q, f ÞÑ f ˝ Tσi ˆ . . . ˆ Tσi is continuous (see [5]). Now the
assertion follows, because we can embed ΩkpP, V qhorρV into C
8ppTP qk, V q.
(b) The analogous map from ΩkpP, V qhorρ to Ω
kpM,Vq is continuous. Hence given a compact set
K Ď M we get that the corresponding map from ΩkKpP, V q
hor
ρ to Ω
k
KpM,Vq is continuous.
Therefore Φ is continuous. The same argument shows that the inverse of Φ is continuous.
The basic consideration in the following remark, seems to be part of the folklore.
Remark A.2. Given the situation of Definition 1.3 the following holds.
(a) The vertical bundle of H ãÑ P
q
ÝÑ M is given by V P “ TπpV P qq and HP :“ TπpHP q is a
principal connection on P .
(b) Given k P N0 the pullback π
˚ : ΩkpP , V qhorρV Ñ Ω
kpP, V qhorρV , θ ÞÑ π
˚θ is an isomorphism of
topological vector spaces and an isomorphism of chain complexes.
(c) Given k P N0 the pullback π
˚ : Ωkc pP , V q
hor
ρV
Ñ Ωkc pP, V q
hor
ρV
, θ ÞÑ π˚θ is an isomorphism of
topological vector spaces and an isomorphism of chain complexes.
Proof. (a) First we show TπpV P q Ď kerpTqq. For v P V P we get TqpTπpvqq “ Tq˝πpvq “ Tqpvq “ 0.
To see kerpTqq Ď TπpV P q let Tqpwq “ 0. We find v P TP with Tπpvq “ w. Hence TqpTπpvqq “
Tq ˝ πpvq “ Tqpvq “ 0. Thus v P V P and so w P TπpV P q. Now we show that TπpHP q is
a smooth sub vector bundle of TP . Let x P P . Obviously pTπpHP qqx :“ TxP X TπpHP q is
closed under scalar multiplication. Let v, w P pTπpHP qqx “ TxP XTπpHP q. We find p1, p2 P P ,
v1 P Hp1P and w2 P Hp2P with Tp1πpv1q “ v and Tp2πpw2q “ w. Hence πpp1q “ x “ πpp2q.
Therefore we find n P N with p1 “ p2 ¨ n and w˜ P Tp1P with TRnpw˜q “ w2. Now we calculate
v ` w “ Tp1πpv1q ` Tp2πpw2q “ Tp1πpv1q ` Tp2π ˝ Tp1Rnpw˜q
“Tp1πpv1q ` Tp1π ˝ TRnpw˜q “ Tp1πpv1q ` Tp1πpw˜q “ Tp1πpv1 ` w˜q.
Now we can show that HP is a smooth sub vector bundle. Let p P P . Because π is a submersion,
we find a smooth local section τV˜ Ñ P of π on an open p-neighbourhood V˜ Ď P . We define
p :“ τppq and find a smooth local frame σ1, . . . , σm : U˜ Ñ TP of the smooth sub vector bundle
HP on a p-neighbourhood U˜ Ď P . Without loose of generality we can assume τpV˜ q Ď U˜ . Given
i P t1, . . . ,mu we define the smooth map
σi : V˜ Ñ TP, x ÞÑ Tπpσi ˝ τpxqq.
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The map σi is a section for the tangential bundle TP , because given x P V˜ we have σi ˝ τpxq P
TτpxqP and so σipxq P TpipτpxqqP “ TxP . Let x P V˜ . Next we show that pσipxqqi“1,...,m is a
basis of pTπpHP qqx “ TxP X TπpHP q. Let λi P R with
řm
i“1 λi ¨ σpxq “ 0. We conclude
Tτpxqπp
řm
i“1 λi ¨ σipτpxqqq “ 0. And so
Tq
˜
mÿ
i“1
λi ¨ σipτpxqq
¸
“ Tq
˜
Tπ
˜
mÿ
i“1
λi ¨ σipτpxqq
¸¸
“ 0.
Therefore
řm
i“1 λi ¨ σipτpxqq P VτpxqP . And hence λi “ 0 for i “ 1, . . . ,m. Let p P P with
πppq “ x. One easily sees that the linear map pTpπq|HpP : HpP Ñ pTπpHP qqx is a surjection
(see above). Because m “ dimpHpP q the linear independent system σipxqi“1,...,m is a basis of
pTπpHP qqx. Now lets show that HP :“ TπpHP q is a principal connection on P . Because π is
a submersion and TpP “ HpP ‘ VpP we get VxP `HxP “ TxP for x P P . If Tpπpvq “ Tp1πpwq
with v P VpP , w P Hp1P and πppq “ πpp
1q “: p we get
Tpq ˝ πpvq “ Tpq ˝ πpwq.
Hence 0 “ Tqpvq “ Tqpwq. Thus w P Vp1P . Therefore w “ 0 and so Tpπpvq “ Tp1pwq “ 0 in
TpP . We conclude V P ‘HP “ TP . It is left to show that HP is invariant under the action of
H . Obviously it is enough to show TxRrgspHxP q Ď HxrgsP for x P P and rgs P H . Let v P HxP .
We find p P P and w P HpP with v “ Tpπpwq. With Rrgs ˝ π “ π ˝ Rg and πppgq “ x.rgs we
calculate
TRrgspvq “ TppRrgs ˝ πqpwq “ Tpgπ ˝ TpRgpwq P TpgπpHpgP q
ĎTxrgsP X TπpHP q “ HxrgsP .
(b) First we show that π˚ makes sense. Without loss of generality we assume k “ 1. Let θ P
Ω1pP , V qhorρV . We have π ˝Rg “ Rrgs ˝ π. Hence
ρV pgq ˝R
˚
gπ
˚θ “ ρV prgsq ˝ pπ ˝Rgq
˚θ “ ρV prgsq ˝ pRrgs ˝ πq
˚θ
“π˚pρV prgsq ˝R
˚
rgsθq “ π
˚θ.
Moreover if v P VpP we get Tpπpvq P VpippqP and so π
˚θppvq “ θpippqpTpπpvqq “ 0. We show
that π˚ is bijective. It is clear that π˚ is injective, because π is a submersion. To see that π˚
is surjective let η P Ω1pP, V qhorρV , we define θ P Ω
1pP , V qhorρV by θpippqpTpπpvqq :“ ηppvq for p P P
and v P TpP . To see that this is well-defined, we choose p, r P P , v P TpP and w P TrP with
πppq “ πprq and Tpπpvq “ Trπpwq. We find n P N with p “ r.n. Because ηr.npTrRnpwqq “ ηrpwq
(N “ kerpρV q), it is enough to show ηppvq “ ηppTrRnpwqq. We have π ˝ Rn “ Rrns ˝ π “ π.
Hence Tπ ˝TRn “ Tπ. Thus TpπpTrRnpwqq “ Trπpwq “ Tpπpvq. Therefore we find x P kerpTpπq
with TrRnpwq ` x “ v in TpP . Hence Tpqpxq “ 0, because Tq “ Tq ˝ Tπ. So x P VpP and hence
ηppxq “ 0. The form θ is ρV -invariant because for g P H , p P P and v P TpP we get
pρV prgsq ˝R
˚
rgsθqpippqpTpπpvqq “ ρV prgsq ˝ θpippq.rgspTRrgspTpπpvqqq
“ρV pgq ˝ θpipp.gqpTp.gπpTRgpvqqq
“ρV pgq ˝ ηp.gpTRgpvqq “ θpippqpTπpvqq.
Moreover θ is horizontal because given u P VpP with p P P we find p P P with πppq “ p and
v P VpP with u “ Tpπpvq. Hence θppuq “ θpippqpTπpvqq “ ηppvq “ 0. Obviously we have π
˚θ “ η.
In order to show that π˚ is an isomorphism of chain complexes we choose p P P , and v, w P TpP
and calculate
pπ˚DρV θqppv, wq “ pDρV θqpippqpTπpvq, T πpwqq
“pdθqpippqpprh ˝Tπpvq, prh ˝Tπpwqq “ pdθqpippqpTπ ˝ prhpvq, T π ˝ prhpwqq
“pπ˚dθqppprhpvq, prhpwqq “ pDρV π
˚θqppv, wq.
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It is left to show that π˚ is a homeomorphism. Because the corresponding spaces are Fre´chet-
spaces it is enough to show the continuity of π˚. We can embed ΩkpP , V qhorρV into C
8pTP
k
, V q and
ΩkpP, V qhorρV into C
8pTP k, V q. The map C8pTP
k
, V q Ñ C8pTP k, V q, f ÞÑ f ˝ pTπˆ ¨ ¨ ¨ ˆ Tπq
is continuous (see [5]). Now the assertion follows.
(c) This follows from (b) and the fact that π˚pΩkKpP , V q
hor
ρV
q “ ΩkKpP, V q
hor
ρV
for a compact set
K ĎM .
Also the statement in the following lemma seems to be well-known, but we did not find a source for
this exact result. It’s proof uses techniques from the proof of [23, Theorem 1.5]. See also [3, Chapter
6].
Lemma A.3. If q : Mˆ ÑM is a smooth finite manifold covering, then q˚ : Ω1cpM,V q Ñ Ω
1
cpMˆ, V q, θ ÞÑ
q˚θ leads to a well-defined isomorphism of topological vector spaces H1dR,cpM,V q Ñ H
1
dR,cpMˆ, V q, rθs ÞÑ
rq˚θs. Therefore q˚ : H1dR,cpM,V q Ñ H
1
dR,cpP , V q, θ ÞÑ q
˚θ is an isomorphism of topological vector
spaces.
Proof. We use the notation ΩkKpMˆ, V q :“
!
θ P ΩkpMˆ, V q| supppθq Ď q´1pKq
)
for a compact subset
K Ď M . Let n be the order of the covering. The first step is to define a continuous linear map
q˚ : Ω
k
c pMˆ, V q Ñ Ω
k
c pM,V q for k P N0. Without loss of generality let k “ 1. Let θ P Ω
1
cpMˆ, V q.
Given y P M we find a y-neighbourhood Vy Ď M that is evenly covered by open sets Uy,i Ď Mˆ with
i “ 1, . . . , n. We have diffeomorphisms qyi :“ q|
Vy
Uy,i
. Then
θ˜y :“
1
n
nÿ
i“1
pqyi q˚θ|Uy,i
is a form on Vy with pq
y
i q˚θ|Uy,i “ θpTq
y
i
´1
pvqq for x P Vy and v P TxVy. We define q˚θ :“ θ˜ P Ω
1
cpMˆ, V q
by θ˜x :“ θ˜
y
x for x P Vy. Now we show that this is a well-defined map. Let x P Vy X Vy1 for y
1 P M with
a y1-neighbourhood Vy1 that is evenly covered by pUy1,iqi“1,..,n. After renumbering the sets Uy1,i we get
q|´1Uy,i “ q|
´1
Uy1,i
on Vy X Vy1 for i “ 1, . . . , n. Hence
θ˜yx “
1
n
ÿ
i
ppqyi q˚θ|Uy,i qx “
1
n
ÿ
i
ppqy
1
i q˚θ|Uy1,iqx “ θ˜
y1
x for x P Vy X Vy1 .
We note that q is a proper map, because it is a finite covering. Let supppθq Ď q´1pKq for a compact
set K ĎM . If y R K then q´1ptyuq X q´1pKq “ H. Hence q´1ptyuq X supppθq “ H. It follows
q˚θy “ θ˜
y
y “
1
n
ÿ
i
ppq|Uyi q˚θ|Uy,i qy “
1
n
ÿ
i
θq|´1
Ui
pyq “ 0.
Hence MzK ĎMz tx PM : q˚θx ‰ 0u. Therefore tx PM : q˚θx ‰ 0u Ď K and so supppq˚θq Ď K. Ob-
viously q˚ is linear. Moreover q˚ is continuous because the analogous map form Ω
1pMˆ, V q to Ω1pM,V q
is continuous and q˚pΩ
1
KpMˆ, V qq Ď Ω
1
KpM,V q. Moreover q˚ is a homomorphism of chain complexes:
Given y PM , v, w P TyM we calculate
pq˚dθqypv, wq “
1
n
ÿ
i
ppqyi q˚dθ|Uy,i qypv, wq “
1
n
ÿ
i
pdpqyi q˚θ|Uy,i qypv, wq “ pdq˚θqypv, wq.
Now we show
q˚ ˝ q
˚ “ idΩ1cpM,V q . (15)
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Given θ P Ω1cpM,V q, y PM and v P TyM we calculate
pq˚q
˚θqypvq “
1
n
ÿ
i
pqyi ˚q
˚θ|Uy,i qypvq “
1
n
ÿ
i
pq˚θ|Uy,i qqyi
´1pyqpTq
y
i
´1
pvqq
“
1
n
ÿ
i
θqpqyi
´1pyqqpTq ˝ q
y
i
´1
pvqq “ θypvq.
Hence q˚ ˝ q
˚ “ idΩ1cpM,V q. We know that q
˚ factorises to a continuous linear map q˚ : H1dR,cpM,V q Ñ
H1dR,cpMˆ, V q and because q˚ is a homomorphism of chain complexes we get a map q˚ : H
1
dR,cpMˆ, V q Ñ
H1dR,cpM,V q. With equation (15) we see
q˚ ˝ q
˚ “ idH1
dR,c
pM,V q .
Hence q˚ is surjective. It remains to show that q˚ : H
1
dR,cpM,V q Ñ H
1
dR,cpMˆ, V q is also injective. To
this end we show q˚pB
1
c pMˆ, V qq “ B
1
c pM,V q. Given f P C
8
c pM,V q we calculate
q˚pdq
˚fq “ q˚q
˚df “ df.
The proof of Lemma A.4 is similar to the proof of [22, Lemma II.10 (1)].
Lemma A.4. Let M be a connected finite-dimensional manifold, E be a finite-dimensional vector space
and θ P Ω1pM,Eq. If for all closed smooth curves α0, α1 : r0, 1s Ñ M such that α0 is homotopy to α1
relative t0, 1u we get ż
α0
θ “
ż
α1
θ,
then θ P Z1dRpM,Eq.
Proof. Let q : M˜ ÑM be the universal smooth covering ofM . First we show that q˚θ is exact. To this
end we show that q˚θ is conservative. Let γ : r0, 1s Ñ M˜ be a smooth closed curve in a point p0 P M˜
and qpp0q “: x0 P M . Because M˜ is simply connected, we find a homotopy H from γ to cp0 relative
t0, 1u. Hence q ˝ γ is homotopy to cx0 “ q ˝ cp0 relative t0, 1u. Therefore we getż
γ
q˚θ “
ż
r0,1s
γ˚q˚θ “
ż
r0,1s
pq ˝ γq˚θ “
p˚q
ż
r0,1s
c˚x0θ “ 0.
Equation p˚q follows from the assumptions of the lemma. Because q˚θ is exact we find f P C8pM˜, Eq
with q˚θ “ df . Hence we get
q˚dθ “ dq˚θ “ ddf “ 0.
Therefore dθ “ 0 because q is a submersion.
Definition A.5. Let M be a connected σ-compact finite-dimensional manifold. Using [22, Lemma
IV.4] we find a sequence pKnqnPN of compact equidimensional submanifolds with boundaries of M such
that Kn Ď K˚n`1,
Ť
nPNKn “ M and the connected components of MzKn are not relative compact in
M . We call such a sequence pKnqnPN a saturated exhaustive sequence. The sequence is called strict if
there exists N P N such that for all n ě N the canonical map π0pMzKn`1q Ñ π0pMzKnq is injective.
Lemma A.6. Let M be a σ-compact finite-dimensional manifold, V a finite-dimensional vector space
and pKnqnPN a strict saturated exhaustive sequence for M . Then the space Ω
1
cpM,V q{dC
8
c pM,V q is
complete.
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Proof. The space Ω1cpM,V q is the strict inductive limit of the Frechet spaces pΩ
1
Kn
M,V qněN where N
is chosen like in Definition A.5. Using [22, Lemma B.4] and [22, Lemma IV.10] we get
Ω
1
cpM,V q :“ Ω
1
cpM,V q{dC
8
c pM,V q “ lim
Ñ
Ω1KnM,V {pdC
8
c pM,V q X Ω
1
Kn
M,V q
“lim
Ñ
Ω1KnpM,V q{dC
8
Kn
pM,V q.
Because the spaces Ω1KnpM,V q{dC
8
Kn
pM,V q “: Ω
1
Kn
pM,V q are Frechet spaces, it is enough to
show that the inductive limit is strict. Therefore we have to show that the image ΩKnpM,V q `
dC8Kn`1pM,V q{dC
8
Kn`1
pM,V q of the continuous linear injection Ω
1
Kn
Ñ Ω
1
Kn`1
, rθs ÞÑ rθs is closed in
Ω
1
Kn`1
. For α P C8pS1,Mq we define the continuous linear map
Iα : ΩKn`1pM,V q Ñ V, rθs ÞÑ
ż
α
θ.
We show
Ω
1
Kn
pM,V q – ΩKnpM,V q ` dC
8
Kn`1
pM,V q{dC8Kn`1pM,V q “
č
αPC8pS1,MzK˚nq
I´1α pt0uq.
One inclusion is trivial. We mention that MzK˚n is a submanifold with boundary of M . Now let
rθs P Ω
1
Kn`1
pM,V q and
ş
α
θ|MzK˚n “ 0 for all α P C
8pS1,MzK˚nq. Hence θ|MzK˚n is conservative and
we find f P C8pMzK˚n, V q with θ|MzK˚n “ df . Because supppθ|MzK˚nq Ď Kn`1 we get df |MzKn`1 “ 0.
Hence f is constant on each connected component of MzKn`1. Because the saturated exhaustive
sequence pKnqnPN is strict we can subtract the constant value of f on each connected component and
can assume supppfq Ď Kn`1. Now we extend f to a smooth map f˜ : M Ñ V , what is possible because
MzK˚n is a closed submanifold. Obviously supppθ´ df˜q Ď Kn and hence rθs “ rθ´ df˜s P ΩKnpM,V q Ď
ΩKn`1pM,V q.
Lemma A.7. In the situation of Section 1, the space Ω1cpM,Vq{dVΓcpM,Vq is sequentially complete if
P admits a strict saturated exhaustive sequence.
Proof. It is enough to show that Ω1cpP , V qρV {dC
8
c pP , V qρV is sequentially complete. To this end
we show that ψ : Ω1cpP , V qρV Ñ pΩ
1
cpP , V q{pdC
8
c pP , V qqqfix, ω ÞÑ rωs is surjective and kerpψq “
dC8c pP , V qρV where pΩ
1
cpP , V q{pdC
8
c pP , V qqqfix stands for the fixed points of the natural action of
H on Ω1cpP , V q{pdC
8
c pP , V qq. The inclusion dC
8
c pP , V qρV Ď kerpψq is clear. Let n :“ #H,
rωs P pΩ1cpP , V q{pdC
8
c pP , V qqqfix and rωs “ rdf s for f P C
8
c pP , V q. Then rωs “ rd
1
n
ř
gPH g.f s. In order
to show that ψ is surjective let ω P Ω1cpP , V q such that rωs is ρV -invariant. Then rωs “ r
1
n
ř
gPH g.ωs
and 1
n
ř
gPH g.ω P Ω
1
cpP , V qρV . Hence
Ω1cpP , V qρV {pdC
8
c pP , V qρV q Ñ pΩ
1
cpP , V q{pdC
8
c pP , V qqqfix, rωs ÞÑ rωs
is a continuous vector space isomorphism. It is also an isomorphism of topological vector spaces, because
pΩ1cpP , V q{pdC
8
c pP , V qqqfix Ñ Ω
1
cpP , V qρV , rωs ÞÑ r
1
n
ř
gPH g.ωs is a continuous right-inverse. Hence
Ω1cpP , V qρ{dC
8
c pP , V qρ is sequentially complete if and only if
pΩ1cpP , V q{pdC
8
c pP , V qqqfix
is sequentially complete. Because q is proper P is σ-compact. For the same reason like in [19, Chapter
2, p. 385] we can assume P to be connected. Now Lemma A.6 shows that Ω1cpP , V q{pdC
8
c pP , V qq is
sequentially complete. Hence the assertion follows from
pΩ1cpP , V q{pdC
8
c pP , V qqqfix “
č
gPH
!
ω P Ω1cpP , V q{pdC
8
c pP , V qq : ρV pgq ˝R
˚
gω “ ω
)
“
č
gPH
pρV pgq ˝R
˚
g ´ idq
´1 t0u .
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